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Introduction

Fatigue damage to a system with one-degree-of-freedom is one of the two
criteria adopted for comparing the severity of different vibratory environments, the
second being the maximum response of the system.

This criterion is also used to create a specification reproducing on the equipment
the same effects as all the vibrations to which it will be subjected in its useful
lifetime. This volume focuses on calculation of damage caused by random vibration

This requires:

- having the relative response of the system under vibration represented by its
PSD or by its rms value. Chapter 1 establishes all the useful relationships for that
calculation. In Chapter 2 is described the main characteristics of the response.

- knowledge of the fatigue behaviour of the materials, characterized by S-N
curve, which gives the number of cycles to failure of a specimen, depending on the
amplitude of the stress applied. In Chapter 3 are quoted the main laws used to
represent the curve, emphasizing the random nature of fatigue phenomena, followed
by some measured values of the variation coefficients of the numbers of cycles to
failure.

- determination of the histogram of the peaks of the response stress, supposed
here to be proportional to the relative displacement. When the signal is Gaussian
stationary, as was seen in Volume 3 the probability density of its peaks can easily be
obtained from the PSD alone of the signal. When this is not the case, the response of
the given one-degree-of-freedom system must be calculated digitally, and the peaks
then counted directly. Numerous methods, ranging from the simplest (counting of
the peaks) to the most complex (rainflow) have been proposed and are presented,
with their disadvantages, in Chapter 5.
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- choice of a law of accumulation of the damage caused by all the stress cycles
thus identified. In Chapter 4 are described the most common laws with their
limitations.

All these data are used to estimate the damage, characterized statistically if the
probability density of the peaks is available, and deterministically otherwise
(Chapter 6), and its standard deviation (Chapter 7).

Finally, in Chapter 8 are provided a few elements for damage estimation from
other hypotheses concerning the shape of the S-N curve, the existence of an
endurance limit, the non linear accumulation of damage, the law of distribution of
peaks, and the existence of a non-zero mean value.



List of symbols

The list below gives the most frequent definition of the main symbols used in
this book. Some of the symbols can have locally another meaning which will be
defined in the text to avoid any confusion.

a Threshold value of z(t)
b Exponent in Basquin's

relation (N a = C) or
Exponent

c Viscous damping constant
C Constant in Basquin's

relation (No = C)
d Damage associated with

one half-cycle or
Exponent in Corten-Dolan
law or
Plastic work exponent

dof Degree-of-freedom
D Damage by fatigue or

Damping capacity

(D = J < j n )
Dt Fatigue damage calculated

using truncated signal
erf Error function
e(t) Narrow band white noise
E( ) Expectation of...
f Frequency
f0 Natural frequency

G( ) Power spectral density for
0 < f < oo

h Interval (f/f0)
h(t) Impulse response
H Drop height
H( ) Transfer function

i ^\
J Damping constant
k Stiffness
K Constant of proportionality

between stress and
deformation

lms Rms value of ^(t)

^(t) Generalized excitation
(displacement)

m Mass or
Mean or
Number of decibels

M n Moment of order n
n Number of cycles

undergone by test-bar or a
material or
Order of moment

Exponent of D = J an or
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Number of constant levels
of a PSD

n0 Mean number of zero-
crossings per second

n Q Mean number of zero-
crossings with positive
slope per second (expected
frequency)

np Mean number of maxima

per second
N Number of cycles to

failure
Number of dB per octave

N _ Number of peaks over

duration T
p( ) Probability density
PSD Power spectral density

q Vl -r
q(u) Probability density of

maxima
q (0) Reduced response
q (0) First derivative of q (0)
q(0) Second derivative of q(0)
Q Q factor (factor of quality)
r Irregularity factor
rms Root mean square (value)
Re Yield stress
Rm Ultimate tensile strength
Rz(t) Correlation function
s Standard deviation
SD Standard deviation of

damage
S( ) Power spectral density for

—oo < f < +00
t Time
T Duration of vibration
u Ratio of peak a to rms

value lms ofl(t)
Ujms Rms value of u(t)

u0 Initial value of u(t)
UQ Initial value of u(t)
u(t) Generalized response
u(t) First derivative of u(t)
ii(t) Second derivative of u(t)
v Variation coefficient
VN Variation coefficient of

number of cycles to failure
by fatigue

\Tms Rms value of x(t)

xms Rms value of x(t)

xms Rms value of x(t)

x(t) Absolute displacement of
the base of a one-degree-
of-freedom system

x(t) Absolute velocity of the
base of a one-degree-of-
freedom system

x(t) Absolute acceleration of
the base of a one-degree-
of-freedom system

yrms Rms value of y(t)

yrms Rms value of y(t)

yrms Rms value of y(t)

y(t) Absolute response
displacement of the mass
of a one-degree-of-
freedom system

y(t) Absolute response velocity
of the mass of a one-
degree-of-freedom system

y(t) Absolute response
acceleration of the mass of
a one-degree-of-freedom
system

zrms Rms value of z(t)

zrms Rms value of z(t)

zrms Rms value of z(t)

zp Amplitude of peak of z(t)

O
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z(t) Relative response y( ) Incomplete gamma
displacement of mass of function
one-degree-of-freedom p( ) Gamma function
system with respect to its v '
base T| Exponent in Weibull's law

z(t) Relative response velocity <p(0 Signal of simple form
z(t) Relative response A,( ) Reduced excitation

acceleration TC 3.14159265...
0 Reduced time (co0 t)
cr Stress
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Chapter 1

Response of a one-degree-of-freedom
linear system to random vibration

1.1. Average value of response of a linear system

The response of a linear system to an excitation assumed to be random stationary
is given by the general relation

where

^(6) is the excitation,

a is a variable of integration,

and h(9) is the impulse response of the system.

The ensemble average of q(0) ('through the process') is

The operators E and sum being linear, we can, by permuting them, write,

Since, by assumption, the process X(Q) is stationary, the ensemble averages are
independent of the time at which they are calculated:
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This relation links the average value of the response to that of the excitation. We
saw that the Fourier transform of h(6) is equal to:

If the process X(0) is zero average, the response is also zero average [CRA 63].

1.2. Response of perfect bandpass filter to random vibration

Let us consider a perfect bandpass filter defined by:

The response of this filter to the excitation ^(t) is given by the convolution
integral

and

Figure 1.1. Bandpass filter
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where h(t) is the impulse response of the system. In the frequency domain, one saw
that, if G^(f) is the input PSD of the signal ^(t) and G u ( f ) that of the response
u(t):

If the PSD of the input is a white noise, G^(f) = G^Q = constant:

If the transfer function of the filter is such that H0 = 1:

The rms value of the response signal is equal to the rms value of the input in the
bandf a , f b .

NOTE. - The PSD symbol is modified by an index indicating on which signal it is
calculated (l(t), x(t),...,). The symbol G is followed by Q or f between brackets to
specify the nature of the variable, pulsation or frequency. If the PSD is constant, one
adds the index 0 (eg Ge (&)).

yielding the rms value urms of the response
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1.3. PSD of response of a single-degree-of-freedom linear system

Consider a mass-spring-damping linear system of natural frequency f0 = co0/2 TT
and quality factor Q = 1/2 £. As above, the response u(t) of the system to the input
l(i) has as a general expression (Volume 1):

For a physical system,h(t) = 0 for t<0 (causal system). In the frequency
domain, the PSD are related by

In a more general way, one can write the complex transfer in the form

[1.13]

where the impulse response of the system h(t) is equal to

For a relative response the function H(Q)is given by

and for an absolute response by

where Bj = 0 or 1 in terms of case selected.
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1.4. Rms value of response to white noise

We will suppose initially that the power spectral densities S(Q) are defined in
the most general case, for Q between - oo and + oo. The rms value of the response,
u rms» i s given by

Let us examine the theoretical particular case of a white noise where
S^(Q)= constant = S^Q from - oo to + oo. Then

Assumption n° 1 (relative response) n° 2 (absolute response)

B0

B,

1

0

1

l/Qw0

It can be shown [LAL 94] that the integral

has as a value
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A0

A1
A2

I

1

l/Qw0

V«0

7tQco0

1
1/Qcoo

l/a>o

This yields

assumption n° 1 (relative response)

assumption n° 2 (absolute response)

Particular cases

Case 1.

and [CRA 63] [CRA 66]

Case 2. The PSD is defined, in terms of Q, in (0, oo) [GAL 57]:

G^(Q) = 2 S,(Q)
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Case 3. From case

Case 4. The PSD is defined in terms of fin (- oo, + oo).

From [1.14], since S^0(f) = 2 7t S^(Q)

Case 6. The PSD is defined in terms of fin (0, <x>):

and [1.19] [BEN 61] [MOR63] [MOR75] [PIE 64]:

x(t)
Case 7. From case n° 6, if *(t) = —— [BEN 62] [BEN 64] [CRA 63] [PIE 64],

o0

Case 5. From case n° 4, if t(t)
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NOTE. -

1. One could find, in the same way, the results obtained on assumption n° 2 while

1 + Q2 1 + Q2
 4

replacing, in the relations above, Q by or by co0 (in terms of whether
Q Q

it is about G^Q or G^J.

2. The response of a linear one-degree-of-freedom system subjected to a sine
wave excitation is proportional to Q. It is proportional to -^/Q if the excitation is
random [CRE 56a].

Table 1.1 lists various expressions of the rms value in terms of the definition of
the PSD. If the PSD is defined in (0, oo), consider now various inputs (acceleration,
velocity, displacement or force). The transfer function of a linear one-degree-of-
freedom system can be written:

The rms value of the response is calculated, for an excitation defined by a
displacement, a velocity or an acceleration, respectively using the following
integrals:

Table 1.2 lists the rms responses of a linear one-degree-of-freedom system for these
excitations (of which the PSD is constant) [PIE 64].
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Summary chart

Table 1.1. Expressions of the rms values of the response in tems of the definition of the PSD

Definition of
PSD

PSD of the
reduced variable
in terms of Q in
(—00,00)

PSD of x(t) in

terms of Q in
(-00,00)

PSD of ^(t) in

terms of Q in
(0,»)

PSD of x(t) in

terms of Q in
(0,«))

PSD of ^(t) in
terms of f in
(—00,00)

PSD of x(t) in
terms of f in
(-00,00)

PSD of ^(t) in
terms of f in
(0,oo)

PSD of x(t) in
terms of f in
(0 ,00)

Type of transfer function

ONE-DEGREE-OF-FREEDOM
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Table 1.2. Rms values of the response in terms of the definition of excitation

Excitation

Absolute
displacement
Gx in (0,oo)

Absolute
velocity G^

Absolute
acceleration

GX

GF
Force G

X k2

Parameter response

Absolute displacement

Absolute velocity

Absolute acceleration

Relative displacement

Relative or absolute
displacement

Rms value

If the noise is not white, one obtains the relationships by taking the value of G
for Q = 0)0 and by supposing that the value of G varies little with Q between the
half-power points. The approximation is much better when £ is smaller
(0.005 < £ < 0.05). For a weak hysteretic damping, one would set r| = 2 £ in these
relations.

These relations are thus applicable only:

- if the spectrum has a constant amplitude,

- if not, with slightly damped systems (for which the transfer function presents a
narrow peak), with the condition that the PSD varies little around the natural
frequency of the system.

In all cases, the natural frequency must be in the frequency range of the PSD.
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1.5. Rms value of response of a linear one-degree-of-freedom system subjected
to bands of random noise

1.5.1. Case: excitation is a power spectral density defined by a straight line
segment in logarithmic scales

Figure 1.2. PSD defined by a segment of straight line in logarithmic scales

We propose to examine the case of signals whose spectrum can be broken up
into several bands, each one having a constant or linearly variable amplitude in
logarithmic scales; the PSD will be defined in a band fj, f2(or Ql5 Q2) by:

where co0 is the natural pulsation of the one-degree-of-freedom system and b is a
constant whose value characterizes the slope of the segment defined in logarithmic
scales (h = Q/co0).

NOTE. - We saw that the number of octaves n which separate two frequencies f1 and
f2 is equal to [LAL 82]
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In addition, one defines the number of decibels m between two levels of the PSD
by

yielding, from

the number of dB per octave,

The mean square value of the response is

where Gl(Q) is the PSD of the input ^(t), defined from 0 to infinity, and H(Q) is
Q

the transfer function of the system. With the notation h = —, the function H can be
co0

written as follows (Table 1.3).

In a general way,

As in case n° 1,



a

Table 1.3. Transfer functions relating to the various values of the generalized variables

Case

1

2

3

Transfer function Excitation and response

where hj
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For case n° 2,

This recurrence formula makes it possible to calculate Ib for arbitrary b
[PUL 68]. Table A3.1 in Appendix A3 lists expressions for Ib.

For case n° 3,

If we set

it is shown (Appendix A3.1) that, for b * 3,

and for b = 3,
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Particular cases

It can be useful to use a series expansion in terms of h around zero to improve
the precision of the calculation of the rms values for larger values of f0, or an
asymptotic development in terms of 1/h for the small values of f0.

1. For h small, lower than 0.02, a development in limited series shows that, to the
fifth order,

2. For h large, greater than 40, we have, to the fifth order,
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NOTE. - For large values of h (>100) and more particularly -with I0(h), it can be

interesting to evaluate directly AI = l(hj + Ah) -l(hi) starting from the latter

relationships when the -width Ah = h2 - hj is small. We then have

where the terms can be replaced by series developments.

On the most current assumption where the excitation is an acceleration

[^(t) = -x(t)/co0] ar>d the response is relative displacement z(t), the relation

, GX(Q) Gko(Q) . .
[1.33], transformed while replacing G^ by G^(Q) = — = —^4—, and GJJ(^)

co0 o)0

G s(f)
by , then becomes:

27T
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Since G^ = (2 n f) Gz and G± = (2 TI f) G^, the rms velocity zrms is given

in the same way by:

and rms acceleration by:

Figure 1.3. PSD defined by a straight line segment in linear scales

Let us suppose that the vibration is characterized by a signal ^(t) of which the
power spectral density can be represented by an expression of the form

where
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This expression can be written, with the notations of the above paragraphs:

In case n° 1,

i.e., by replacing A and B by their expressions,

If the vibration is defined by an acceleration [^(t) = -x(t)/o)Q] and if the PSD is
C (f)

defined in terms off, we have G^(Q) = —-— and
271

Likewise it can be shown that



Response of a one-degree-of-freedom linear system 19

and that

The functions I0(h) to I5(h) are defined by the expressions [A3.20] to [A3.25]
in Appendix A3.

1.5.3. Case: vibration has a constant power spectral density between two
frequencies

1.5.3.1. Power spectral density defined in a frequency interval of arbitrary width

For a white noise of constant level G^Q(Q) between two frequencies Qj and Q2,

[CRA 63], by making G^ = G(2 = G(Q in [1.56]:
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NOTES. — I f ^ i —> 0, the term between square brackets tends towards zero. It tends
towards unity when h2 —> °°. This term is thus the corrective factor to apply to the
corresponding expression of paragraph 1.4 to take account of the limits fj and f2

respectively non zero and finite.

Figure 1.4. Constant PSD between two frequencies

More simply, if the excitation x(t) is a noise of constant power spectral density

GXO between two arbitrary frequencies f, and f2, we have, since ^(t) = -x(t)/co0,

Gf(Q) = G^(Q)/coo and Gx(f) = 2 n Gx(o>),

The rms values of the velocity and acceleration have the following expressions:
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It is supposed here that G^Q is expressed in terms of Q. If G^Q is defined in

terms of f, we have, as previously,

Example

Rms values of the response

Average frequency

Number of maxima per second

Parameter r

Particular case where £, = 0

In this case
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Let us set

h = th x

and

1.5.3.2. Case: narrow band noise of width Af - ^f0/Q

It is assumed that

where K is a constant. From [1.61], let us calculate I0 for

and
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Figure 1.5. Narrow band noise of width Af = X f0 / Q

If G is the value of the PSD and supposing Q sufficiently large so that

V 4 Q 2 - 1 « 2 Q ,

i.e., at first approximation

and, if

Equivalence with white noise

There will be equivalence (same rms response) with white noise G^Q > if

i.e. if
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Particular cases

Figure 1.6. Determination of an equivalence with white noise

There is the same rms response if

i.e. if

If
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Equivalence with a white noise G^Q exists if

1.5.4. Excitation defined by an absolute displacement

In this case, the relative displacement rms response is given by:

In terms of the expressions listed in Table 3.1 of Volume 1:

If the PSD is defined by a straight line segment of arbitrary slope (in linear
scales), and with the notations of paragraph 1.5.2,

where
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yielding

Ttf ,
^{Afo^^)-^)]^!^)-!^)]}

or

In the same way, the rms velocity and acceleration are given by:

and

I6, I7, I8 and I9 being respectively given by [A3.26], [A3.27], [A3.28] and [A3.29].

If the PSD is constant in the interval (hj, h2), the rms values result from the
above relationships while setting Gj = G2 = GXQ.



1.5.5. Case: excitation defined by power spectral density comprising n straight line
segments

For a power spectral density made up of n segments of straight line, we have

each term z,^ being calculated using the preceding relations:

- either by using abacuses or curves giving Ib in terms of h, for various values of
b [PUL 68],

- or on a computer, by programming the expression for Ib.

When the number of bands is very large, it can be quicker to calculate directly
[1.31] through numerical integration than to use these analytical expressions.

In the usual case where the excitation is an acceleration, one determines zrms,

z.rms and zrms starting from the relations [1.57], [1.58] and [1.59]. The rms

displacement is thus equal to

where, for

with

and,

Similarly
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Figure 1.7. PSD made up of horizontal straight line segments

When the PSD is made up only of horizontal straight line segments, these relations
are simplified in terms of

and
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For example,

Particular case where the n levels all have constant width Af

On this assumption, the excitation being an acceleration, the rms values zrms,

zrms and zms can be obtained from:
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1.6. Rms value of the absolute acceleration of the response

If the excitation is an acceleration x(t),

f
Let us set h = —. If the PSD is defined by straight line segments of arbitrary

fo
slope in linear scales, G k(f) = A f + B and

where For a noise of constant PSD between fj and f2,

Example

Under the conditions of the example quoted in paragraph 1.5.3.1, we have

Yms = 39-82 m/s2 (to be compared with 4 7t2 f^ zms = 39.62 m/s2).

constant,



Response of a one-degree-of-freedom linear system 31

1.7. Transitory response of dynamic system under stationary random excitation

T.K. Caughey and H.J. Stumpf [CAU 61] analysed, for applications related to
the study of structures subjected to earthquakes, the transitory response of a linear
one-degree-of-freedom mechanical system subjected to a random excitation:

- stationary,
- Gaussian,
- with zero mean,
- of power spectral density G/Q).

The solution of the differential equation for the movement

The input £(t) being Gaussian and the system linear, it was seen that the
response u(t) is also Gaussian, with a distribution of the form

which requires knowledge of the mean and the standard deviation. The mean is
given by

can be written in the general form

where ^(A,) = 0 since l(t) was defined as a function with zero average, yielding
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If the function G(Q) is smoothed, presents no acute peak, and if ^ is small, s (t)
can approach

m(t) depends on u0 and u0. In addition,

T.K. Caughey and H.J. Stumpf [CAU 61] show that

where
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where 9 = co0 t. It is noticed that, when 0 is very large, s (0) -> — o)0 Q G^(co0)
2

which is the same as the expression [1.17].

For £, = Q, this expression becomes

Figure 1.8. Variance of the transitory response of a one dof system
to a random vibration

The variance s (0) is independent of the initial conditions. Variations of the
1 22 s

quantity —- in terms of 0 are represented in Figure 1.8 for several values
TKOO G^(co0)

of£.
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It is noted that, when £ increases, the curve tends more and more quickly towards
a horizontal asymptote (lower because £ is larger). This asymptote corresponds to
the steady state response, which is obtained during some cycles.

NOTES. — The results are theoretically exact for a vibration of white noise type. They
constitute a good approximation for a system slightly damped subjected to an
excitation of which the spectral density is slightly variable close to the natural
frequency of the system [LIN 67].

Particular cases

< A *(t) , . G£
1. The excitation is an acceleration, ^(t) = -—— and G^(Q) = ——; yielding

C00 OD0

and, for £ = 0

Being a Gaussian distribution, the probability that the response u(t) exceeds a
given value, k s, at the time t is

where
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while the probability that

On this assumption, m = 0 and

(zero initial conditions).

[1.105]

[1.106]

Figure 1.9 shows the variations of P with k.

Figure 1.9. Probability that the response exceeds k times
the standard deviation

du du
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Example

Let us consider a random acceleration having a PSD of constant level
GX0 = 1 (m/s2)2/Hz applied at time t = 0 to a simple system having as initial

conditions

The simple system is linear, with one-degree-of-freedom, natural frequency
f0 = 10 Hz and factor quality Q = 10.

The mean m is stabilized to zero after approximately 1.5 s (Figure 1.10).

The standard deviation s(t), which starts from zero at t = 0, tends towards a
limit equal to the rms value z,rms (m is then equal to zero) of the stationary

response z(t) of the simple system (Figure 1.11):

Figure 1.10. Mean of response versus time Figure 1.11. Standard deviation versus
time

The time pattern of probability for z(t) higher than 1.5 zrms tends in stationary

mode towards a constant value P0 approximately equal to 6.54 10 Figure 1.12).
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Figure 1.13 shows the variations with time of the probability that z(t) is higher
than 1.5 s(t), a probability which tends towards the same limit P0 for sufficiently
large t.

Figures 1.14 and the 1.15 show the same functions as in Figures 1.12 and 1.13,
plotted for k = 1, 2, 3 and 4.

Figure 1.12. Probability that the response
is higher than 1.5 times its stationary

rms value

Figure 1.13. Probability that the response
is higher than 1.5 times its

standard deviation

Figure 1.14. Probability that the response
is higher than k times its standard deviation

Figure 1.15. Probability that the response
is higher than k times its stationary

rms value
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1.8. Transitory response of dynamic system under amplitude modulated white
noise excitation

Let us consider a non stationary random acceleration of the form [BAR 68]

[1.107]

where

e(t) is a wide-band white noise,
(t) is a signal of simple shape (rectangular wave, then half-sine wave) intended

to modulate e(t) (envelope function); (t) is of the form 9(t) = 0 ( t )
with

elsewhere

The study of the response of a one-degree-of-freedom linear system to such a
signal is concerned mostly with mechanical shock (the durations are sufficiently
short that one can neglect the effects of fatigue). These transients are also used to
simulate real environments of similar shape, such as earthquakes, blast of
explosions, launching of missiles, etc.

The fact of modulating the amplitude of the random signal led to reduction of the
energy transmitted to the mechanical system for length of time T. R.L. Barnoski

* f() At
[BAR 65] [NBA 66] proposed use of the dimensionless time parameter 0 =

Q
in which intervenes AT , the effective time interval in which the energy contained in
the modulated pulse is equal to that of the stationary signal over the duration T. This

parameter 6* is a function of the time necessary for the amplitude response of a
1 Q

simple resonator to decrease to — times its steady state value, namely T0 = :
e f0

[1.108]

elsewhere
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[1.109]

From an analogue simulation, R.L. Barnoski and R.H. Mac Neal plotted the ratio

P of the maximum response to the rms value of the response versus 0 , for values of
the probability PM (probability that all the maxima of the response are lower
than P times the rms value of the response). The oscillator is supposed to be at rest at
the initial time.

Figure 1.16. Reduced maximum response versus the dimensionless time parameter

The curves obtained have all the same characteristic appearance: fast rise of p

from the origin to 0* 1, then slow increase in P in terms of 0* (Figure 1.16).

The curves plotted in the stationary case constitute a upper limit of the transitory
case when the duration of the impulse increases. These results can thus make it
possible to estimate the time necessary to effectively achieve stationarity in its

response. For 0 > 1 (impulse duration long compared to the natural period of the
system), the results of the stationary case can constitute a conservative envelope of

P. For 0 large and a great number of response cycles, the response tends to
becoming independent of Q factor.

One can note in addition that, when the duration of the impulse increases and
becomes long compared with the natural period of the resonator, the response peak
tends to becoming independent of the shape of the modulation.

dt

and for a half-sine wave,For a rectangular wave,
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Figure 1.17. Reduced maximum response to stationary and pulsed random excitation versus
the dimensionless time parameter

(rectangular envelope, Q = 20, f0 = 159 Hz) [BAR 65]



Chapter 2

Characteristics of the response of a
one-degree-of-freedom linear system

to random vibration

2.1. Moments of response of a one-degree-of-freedom linear system:
irregularity factor of response

2.1.1. Moments

By definition,

with

Setting we can write:
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For white noise,

The main contribution to the integral comes from the area around the natural
frequency : me results obtained for white noise are a good approximation to
actual cases where Gl varies little around 0. For noise with constant PSD between
two frequencies f1 and f2,

In being defined in Appendix A3 [LAL 94]. The most useful moments are M0, M2

and M4.

Moment of order 0

If the excitation is a white noise, Gl(h) =constant, [ l o ( ) - lo^)] = 1 and

[2.1]

[2.2]

[2.3]

[2.4]

or

i.e.
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If the excitation is an acceleration, yielding

[KRE 83] [LEY 65]:

Moment of order 1

Knowing [LAL 94] that

it becomes, in the most usual case

[2.8]

[2.7]

[2.6]

[2.5]

[2.9]

or

constant,

and
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[2.10]

[2.11]

[2.12]

(Figure 2.1).

Figure 2.1. First moment of the response of a one dof system versus its damping

The expression [2.12] can be written in the equivalent form [DER 79]:

The relationship [2.9] can also be written, since arc tan x + arc tan

[CHA 72],

M1
The ratio — varies little with , so long as E, 0.1 and is then close to 1

Urms
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[2.13]

Moment of order 2

If Gl= constant,

We find again the relationship

[2.14]

[2.15]

[2.16]

[2.17]

According to [2.3], we have, for noise of constant PSD,

or

2.1.2. Irregularity factor of response to noise of constant PSD

By definition,
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since

[2.18]

[2.19]

yielding

[2.20]

For white noise, M4 is infinite since its calculation assumes integration between
zero and infinity of the quantity

Figure 2.2. Function to be integrated for calculation of fourth moment versus h

which tends towards a constant (equal to 1) when
function plotted for

Figure 2.2 shows this

It was seen in addition that [2.5] and that
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The integral thus does not converge and the parameter r is zero. The ratio h being
also large possibly when f0 is small, the parameter r of the response tends in the
same way towards zero when the natural frequency of the system decreases.

NOTE. - The curves I 0(h) , I2(h) and I 4 ( h ) show that [CHA 72]:

— if is small, these functions increase very quickly when h is close to 1,

— I0 and I2 tend towards 1 when h becomes large, while I4 continues to
increase.

So ideal white noise can give a good approximation to wide-band noise for the
calculation of zrms and zrms, but it cannot be used to approximate zrms.

If is small and if h is large compared to unity, the functions I0 and I2 are
roughly equal to 1.

Figure 2.3. Integrals I0, I2 and I4 versus h, Figure 2.4. Integrals I0, I2 and I4 versus h,

2.1.3. Characteristics of irregularity factor of response

If the PSD is constant between two frequencies f1 and f2, the parameter r varies
with and f0 (via h).

Let us take again the example of paragraph 1.5.3.1. The variations of the rms
values zrms, zrms and zrms according to f0 (for = 0.01, 0.05 and 0.1) and

according to , (for f0 = 10 Hz, 100 Hz and 1000 Hz) are shown on Figures 2.5
to 2.10.
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Figure 2.7. Rms relative velocity of
response of a one dof system versus its

natural frequency

Figure 2.8. Rms relative velocity of
response of a one dof system versus

its damping

Figure 2.6. Rms relative displacement of
the response of a one dof system versus its

damping factor

Figure 2.5. Rms relative displacement of
the response of a one dof system versus its

natural frequency
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Figure 2.9. Rms relative acceleration of Figure 2.10. Rms relative acceleration of
response of a one dof system versus its response of a one dof system versus

natural frequency its damping

Figure 2.11. Rms absolute acceleration of Figure 2.12. Rms absolute acceleration of
response of a one dof system versus its response of a one dof system versus

natural frequency its damping

Figures 2.13 and 2.14 show the variations of the parameter r under the same
conditions.

It is observed from Figure 2.13 that, whatever f0, r —> 1 when —> 0. The

distribution of maxima of the response thus tends, when tends towards zero,
towards a Rayleigh distribution. When increases, r decreases with f0.

Figure 2.14 underlines the existence of a limit independent of for the
frequencies f0 < f1 and f0 > f2.
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This example shows that:

- r is closer to 1 when is smaller and f0 is larger,

- when f0 becomes large compared to f2, r tends, whatever towards the same
limiting value (0.749). When f0 -> the PSD input is completely transmitted and
the signal response has the same characteristics as the input signal (input x,

f
response z). This result can be shown as follows. We saw that, when h = — is small

(i.e. when f0 is large), we have

Figure 2.13. Irregularity factor of the
response of a one dof system versus

its damping

Figure 2.14. Irregularity factor of the
response of a one dof system versus its

natural frequency
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and

2
rms

In the same way,

rms value of the first derivative of x

rms value of the second derivative of x

Figure 2.15. Natural frequency greater than the upper limit of the noise

calculated from the PSD of the excitation. From the expression [6.50], Volume 3, we
obtain

In addition, when f0 is small compared to f1, r tends towards a constant value r0

equal, whatever , to 0.17234 (for the values of f1 and f2 selected in this example).
Indeed, for h large, i.e. for f0 small, we have

It is thus normal that r has as a limit the value

value of th
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Figure 2.16. Natural frequency lower than the lower limit of the noise

Knowing that

it becomes

i.e., at first approximation,

yielding



It would be shown in the same way that zrms = xrms and zrms = xrms if xrms

and x rms are the rms velocity and acceleration of the excitation
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[2.21]

n = 0 since the excitation is a PSD of constant level G0 between f1 and f2. Thus

where xms is the rms displacement of the excitation x(t), namely

yielding, according to the above relationships:

[2.22]

and
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Example

If f1 = 10 Hz and f2 =1000 Hz, we obtain r = 0.17234

Figure 2.17 summarizes these results.

Figure 2.17. Irregularity factor of response of a one dof system
versus its natural frequency

[2.23]

[2.24]

Particular case where

In this case, and for white noise,

Let us set
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Let us calculate the first terms:

dh

While setting h = tg we obtain

yielding

[2.25]

[2.26]

[2.27]
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Example

f1 = 10 Hz

f2 = 1000 Hz

Figure 2.18 shows the variations of r with f0 for = 1.

Figure 2.18. Irregularity factor of the response of a one dof system
versus its natural frequency, for a damping factor equal to 1

Particular case where = 0 (for a white noise)

dh [2.28]

Let us set [LAL 94]

dh

Appendix A3.2 gives the expressions for J0 and J2, as well as the formula of
recurrence which allows J4 to be calculated.
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NOTE. - Approximate calculation of r for a power spectral density with several
peaks (for example, the case of a PSD obtained in the response of a several-degrees-
of-freedom system).

G(f) G(f)

Figure 2.19. PSD with several peaks Figure 2.20. Equivalent 'box' spectrum

J. T. Broch [BRO 70a] transforms this power spectral density into equivalent
boxes (the box spectrum containing the same amount of energy centered around the
resonance frequencies, cf. paragraph 2.4.1) and shows that r can be approximated
by:

[2.29]

where:

fj = frequency of the first resonance

fn = frequency ofn'h resonance
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2.1.4. Case: band-limited noise

If f1 = 0, the relationship [2.18] is written [CHA 72]:

[2.30]

[2.31]

Figure 2.21. Comparison of the exact and Figure 2.22. Comparison of the exact and
approximate expressions of the irregularity approximate expressions of the irregularity

factor of the response to a narrow band noise factor of the response to a narrow band
for a damping ratio equal to 0.01 noise for a damping ratio equal to 0.1

If is small and if h2 is large compared to 1, we have I0 I2 1 yielding

energy ratio of the maximum responses to the resonances

width of peak n at — 3 dB.
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where

[2.32]

[2.33]

yielding, for [LEY 65]

[2.34]

NOTE. - Under these conditions, we have

and, if the noise is defined by an acceleration,

Figure 2.23. Constant PSD between two frequencies

in this particular case.with
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2.2. Autocorrelation function of response displacement

It is shown that this function is equal to [BAR 68]:

[2.35]

[2.36]

The duration (time or correlation interval) AT necessary that the envelope of
Rz (T) decreases 1/e times its initial amplitude is given by

[2.37]

2.3. Average numbers of maxima and minima per second

If E[n+(a)l is the average number per second of crossings of a given threshold a

with positive slope, the average number of peaks per second lying between a and
a + da can be approximate by using the difference [POW 58]:

Figure 2.24. Minimum with positive amplitude

This method can lead to errors, since it supposes that the average number of
minima per second (such as M in Figure 2.24) taking place with a positive amplitude



where f(a,b, c) is the joint probability density function of the random process. The

function f(a, b, c)dadbdc is the probability that, at time t, the signal z(t) lies

between a and a + da, its first derivative z(t) between b and b + db and its second
derivative z(t) between c and c + dc, a maximum being defined by a zero derivative
(Volume 3, paragraph 6.1).

[2.40]

[2.41]

[2.42]

The ratio of the number of minima to the number of peaks is equal to [RIC 39]:

the average number of minima per second between a and a + da:

- the average number of peaks per second between a and a + da:

To evaluate the validity of this approximation in the case of band-limited noise,
J.B. Roberts [ROB 66] calculates, using the formulation of S.O. Rice:

is negligible compared to the average number of peaks per second [LAL 92]. It is so
for narrow band noise.
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Figure 2.25. Ratio of the number of minima to the number of peaks

where

increases. If R is small, the process is within a narrow band. R is thus a measurement
of the regularity of the oscillations.

Figure 2.26 shows R varying with r, for

R is thus a function of the only parameter X, which depends on the reduced level

and of parameter r. One notes in Figure 2.25 that R decreases when

varying from 1 to 5.
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Figure 2.26. Ratio of the number of minima Figure 2.27. Ratio of the number of
to the number of peaks versus the minima to the number of peaks, versus the

irregularity factor threshold a

The ratio R decreases when r increases, and this faster when

2.4. Equivalence between transfer functions of bandpass filter and one-degree-
of-freedom linear system

There are several types of equivalences based on different criteria.

2.4.1. Equivalence suggested by D.M. Asplnwall

The selected assumptions are as follows [ASP 63] [BAR 65] [SMI 64a]:

- the bandpass filter and the linear one-degree-of-freedom system are supposed
to let pass the same quantity of power in response to white noise excitation: the two
responses must thus have same rms value,

- the two filters have same amplification (respectively at the central frequency
and the natural frequency).

is larger. This

tendency is underlined in another form by the curves for variable r.



64 Fatigue damage

Figure 2.28. Bandpass filter equivalent to the transfer function of a one dof system

and for the bandpass filter:

The first assumption imposes

PSD of the white noise

The rms value of the response u(t) to the excitation l(t) is given by

For the mechanical system, we have for example

or
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and the second

yielding

or

[2.43]

[2.44]

This interval Af is sometimes named [NEW 75] mean square bandwidth of the
mode. If the mechanical system has as a transfer function

and

yielding

we have, with the same assumptions
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and, if Q is large,

[2.45]

[2.46]

The error is lower than 10% for Q > 4.

2.4.2. Equivalence suggested by K. W. Smith

We search width B of a rectangular filter centered on f0, of height Q, such that

the area under the curve H2 (Q) is equal to that of the rectangle Am B (Am = Q)
[SMI 64a].

Figure 2.29. Bandpass filter equivalent to the transfer function of a
one dof system according to K. W. Smith

we have, for white noise,

Knowing that the PSD Gu of the response is related to that of the excitation by
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yielding

and, since we must have Am = Q,

[2.47]

[2.48]

2.4.3. Rms value of signal filtered by the equivalent bandpass filter

This is equal to

i.e.

[2.49]

However

If the vibration is an acceleration, we must replace It then

becomes:
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Example

Let us consider a one-degree-of-freedom linear mechanical filter of natural
frequency f0 =120 Hz and quality factor Q = 22, subjected to a white random
noise of spectral density of acceleration G0 = 10 (m/s2)2 Hz between 1 Hz and

1000 Hz (rms value: x 100 m/s2). The rms value of the response calculated

from [2.49] is equal to

It can be checked that the rms displacement zms obtained from relations

[1.33] and [1.34] is in conformity with the value extracted from this result (i.e.
zrms = 0-358 mm).



Chapter 3

Concepts of material fatigue

3.1. Introduction

Fatigue phenomena, with formation and growth of cracks in machine elements
subjected to repeated loads below ultimate strength was discovered during the XIXth

century with the arrival of machines and freight vehicles functioning under dynamic
loads larger than those encountered before [NEL 78].

According to H.F. Moore and J.B. Kommers [MOO 27], the first work published
on failure by fatigue was by W Albert, a German mining engineer, who carried out
in 1829 repeated loading tests on welded chains of mine winches. S.P. Poncelet was
perhaps the first to use the term of fatigue in 1839 [TIM 53].

The most important problems of failure by fatigue were found about 1850 during
the development of the European railroad (axes of car wheels). A first explanation
was that metal crystallizes under the action of the repeated loads, until failure. This
idea has as a source the coarsely crystalline appearance of many surfaces of parts
broken by fatigue. This theory was disparaged by W.J. Rankine [RAN 43] in 1843.
The first tests were carried out by Wohler between 1852 and 1869 [WOE 60].

The dimensioning of a structure to fatigue is more difficult than with static loads
[LAV 69], because ruptures by fatigue depend on localised stresses. Since the
fatigue stresses are in general too low to produce a local plastic deformation and a
redistribution associated with the stresses, it is necessary to carry out a detailed
analysis which takes into account at the same time the total model of the stresses and
the strong localised stresses due to the concentrations.
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On the other hand, analysis of static stresses requires only the definition of the
total stress field, the high localised stresses being redistributed by local deformation.
Three fundamental steps are necessary:

- definition of the loads,
- detailed analysis of the stresses,
- consideration of the statistical variability of the loads and the properties of

materials.

Fatigue damage depends strongly on the oscillatory components of the load, its
static component and the order of application of the loads.

Fatigue can be approached in several ways and in particular by:
-the study of the Wohler's curves (S-N curves),
- study of cyclic work hardening (low cycle fatigue),
- study of the crack propagation rate (fracture mechanics).

The first of these approaches is the most used. We will present some aspects of
them in this chapter.

3.2. Damage arising from fatigue

One defines as fatigue damage the modification of the characteristics of a
material, primarily due to the formation of cracks and resulting from the repeated
application of stress cycles. This change can lead to a failure.

We will not consider here the mechanisms of nucleation and growth of the
cracks. We will say simply that fatigue starts with a plastic deformation first very
much localized around certain macroscopic defects (inclusions, cracks of
manufacture etc) under total stresses which can be lower than the yield stress of
material. The effect is extremely weak and negligible for only one cycle. If the stress
is repeated, each cycle creates a new localised plasticity. After a number of variable
cycles, depending on the level of the applied stress, ultra-microscopic cracks can be
formed in the newly plastic area. The plastic deformation extends then from the ends
of the cracks which increase until becoming visible with the naked eye and lead to
failure of the part. Fatigue damage is a cumulative phenomenon.



Concepts of material fatigue 71

Figure 3.1. Unclosed hysteresis loop

If the stress-strain cycle is plotted, the hysteresis loop thus obtained is an open
curve whose form evolves depending on the number of applied cycles [FEO]. Each
cycle of stress produces a certain damage and the succession of the cycles results in
a cumulative effect.

The damage is accompanied by modifications of the mechanical properties and
in particular of a reduction of the static ultimate tensile strength Rm and of the
fatigue limit strength.

It is in general localised at the place of a geometrical discontinuity or a
metallurgical defect. The fatigue damage is related at the same time to metallurgical
and mechanical phenomena, with appearance and cracks growth depending on the
microstructural evolution and mechanical parameters (with possibly the effects of
the environment).

The damage can be characterized by:
- evolution of a crack and energy absorption of plastic deformation in the plastic

zone which exists at the ends of the crack,

- loss of strength in static tension,
- reduction of the fatigue limit stress up to a critical value corresponding to the

failure,
- variation of the plastic deformation which increases with the number of cycles

up to a critical value.

One can suppose that fatigue is [COS 69]:
- the result of a dynamic variation of the conditions of load in a material,
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- a statistical phenomenon,
- a cumulative phenomenon,
- a function of material and of amplitude of the alternating stresses imposed on

material.

There are several approaches to the problem of fatigue:
- establishment of empirical relations taking account of experimental results,
- by expressing in an equation the physical phenomena in the material,

beginning with microscopic cracks starting from intrusion defects, then propagation
of these microscopic cracks until macro-cracks and failure are obtained.

R. Cazaud, G. Pomey, P. Rabbe and C. Janssen [CAZ 69] quote several theories
concerning fatigue, the principal ones being:

- mechanical theories:
- theory of the secondary effects (consideration of the homogeneity of the

material, regularity of the distribution of the effort),
- theory of hysteresis of pseudo-elastic deformations (discussion based on the

Hooke's law),
- theory of molecular slip,
- theory of work hardening,

- theory of crack propagation,
- theory of internal damping,

- physical theories, which consider the formation and propagation of the cracks
using models of dislocation starting from extrusions and intrusions,

- static theories, in which the stochastic character of the results is explained by
the heterogeneity of materials, the distribution of the stress levels, cyclic character of
loading etc,

- theories of damage,

- low cycle plastic fatigue, in the case of failures caused by cycles N less in
number than 104 approximately.

The estimate of the lifetime of a test bar is carried out from:

- a curve characteristic of the material, which gives the number of cycles to
failure according to the amplitude of stress, in general sinusoidal with zero mean (S-
N curve),

- of a law of accumulation of damages.
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The various elaborated theories are distinguished by the selected analytical
expression to represent the curve of damage and by the way of cumulating the
damages.

To avoid failures of parts by fatigue dimensioned in statics and subjected to
variable loads, one was first of all tempted to adopt arbitrary safety factors, badly
selected, insufficient or too large, leading to excessive dimensions and masses.

An ideal design would require use of materials in the elastic range.
Unfortunately, the plastic deformations always exist at points of strong stress
concentration. The nominal deformations and stresses are elastic and linearly related
to the applied loads. This is not the case for stresses and local deformations which
exist in metal at critical points and which control resistance to fatigue of the whole
structure.

It thus proved necessary to carry out tests on test bars for better apprehension of
the resistance to fatigue, under dynamic load, while starting with the simplest, the
sinusoidal load. We will see in the following chapters how the effects of random
vibrations, most frequently met in practice, can be evaluated.

3.3. Characterization of endurance of materials

3.3.1. S-N curve

The endurance of materials is studied in laboratory by subjecting to failure test
bars cut in the material to be studied to stresses of amplitude (or deformations),
generally sinusoidal with zero mean.

Following the work of W6hler(1) (1860/1870) [WOE 60] [WOH 70] carried out
on axes of trucks subjected to rotary bending stresses, one notes, for each test bar,
depending on a, the number N of cycles to failure (endurance of the part or fatigue
life). The curve obtained while plotting CT against N is termed the S-N curve (stress-
number of cycles) or Wohler 's curve or endurance curve. The endurance is thus the
aptitude of a machine part to resist fatigue.

Taking into account the great variations of N with a, it is usual to plot log N
(decimal logarithm in general) on abscissae. Logarithmic scales on abscissae and on
ordinates are also sometimes used.

1. Sometimes written Woehler
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Figure 3.2. Main zones of the S-N curve

This curve
(Figure 3.2):

is generally composed of three zones [FAC 72] [RAB 80]

- zone AB, corresponding to low cycle fatigue, which corresponds to the largest
stresses, higher than the yield stress of material, where N varies from a quarter of
cycle with approximately 104 to 105 cycles (for mild steels). In this zone, one very
quickly observes significant plastic deformation followed by failure of the test bar.
The plastic deformation _ can be related here to the number of cycles to the failure

by a simple relationship of the form

[3.1]

where the exponent k is near to 0.5 for common metals (steels, light alloys)
(L.F. Coffin [COF 62]),

- zone BC, which is often close to a straight line on log-lin scales (or sometimes
on log-log scales), in which the fracture certainly appears under a stress lower than
previously, without appearance of measurable plastic deformation. There are very
many relationships proposed between a and N to represent the phenomenon in this
domain where N increases and when cr decreases. This zone, known as zone of
limited endurance, is included between approximately 104 cycles and 106 to 107

cycles,

- zone CD, where D is a point which, for ferrous metals, is ad infmitum. The S-
N curve in general presents a significant variation of slope around 106 to 107 cycles,
followed in a way more or less marked and quickly by a zone (CD) where the curve
tends towards a limit parallel with the N axis. On this side of this limit the value of
a, noted D, there is never failure by fatigue whatever the number of cycles applied.
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Dis called fatigue limit. D is thus the stress with zero mean of greater amplitude
for which one does not observe failure by fatigue after an infinite number of cycles.
This stress limit cannot exist or can be badly defined for certain materials [NEL 78]
(high-strength steels, non-ferrous metals).

For sufficiently resistant metals for which it is not possible to evaluate the
number of cycles which the test bar would support without damage [CAZ 69] (too
large test duration) and to take account of the scatter of the results, the concept of
conventional fatigue limit or endurance limit is introduced. It is about the greatest
amplitude of stress CT for which 50% of failures after N cycles of stress is observed.
It is noted, for m = 0, D(N). N can vary between 106 and 108 cycles [BRA 80a]

[BRA 80b]. For steels, N = 10 and D(l0 I D. The notation D is in this case

used.

NOTES.-

Brittle materials do not have a well defined fatigue limit [BRA 81] [FID 75].

For extra hardened tempered steels, certainly for titanium, copper or aluminium
alloys, or when there is corrosion, this limit remains theoretical and without interest
since the fatigue life is never infinite.

When the mean stress m is different from zero, it is important to associate m

with the amplitude of the alternating stress. The fatigue limit can be written a or

aD in this case.

Figure 3.3. Sinusoidal stress with zero (a) and non zero mean (b)

Definition

The endurance ratio is the ratio of the fatigue limit D (normally at 107 cycles)
to the ultimate tensile strength R of material:
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NOTE. - The S-N curve is sometimes plotted on reduced scales in axes /Rm , N),
in order to be able to proceed more easily to comparisons between different
materials.

Figure 3.4. S-N curve on reduced axes

3.3.2. Statistical aspect

The S-N curve of a material is plotted by successively subjecting ten (or more)
test bars to sinusoidal stresses of various amplitudes. The results show that there is a
considerable scatter in the results, in particular for the long fatigue lives. For a given
stress level, the relationship between the maximum value and the minimal value of
the number of cycles to failure can exceed 10 [LAV 69] [NEL 78].

The dispersion of the results is related on the heterogeneity of materials, the
surface defects, the machining tolerances and especially to metallurgical factors.
Among these factors, inclusions are most important. Scatter is due in fact because
the action of fatigue in a metal is in general strongly localised. Contrary to the case
of static loads, only a small volume of material is concerned. The rate of fatigue
depends on the size, on the orientation and on the chemical composition of some
material grains which are located in a critical zone [BRA 80b] [LEV 55] [WIR 76].

In practice, it is not thus realistic to want to characterize the resistance to fatigue
of a material by a S-N curve plotted by carrying out only one fatigue test at each
stress level. It is more correct to describe this behaviour by a curve in a statistical
manner, the abscissas giving the endurance Np for a survival of p percent of the test

bars [BAS 75] [COS 69].

[3.2]



Concepts of material fatigue 77

The median endurance curve (or equiprobability curve) (N50, i.e. survival of
50% of the test bars), or sometimes the median curves ±1 to 3 standard deviations

or other isoprobability curves is in general given [ING 27].

Figure 3.5. Isoprobability S-N curves

Without other indication, the S-N curve is the median curve.

NOTE. - The scatter of fatigue life of non-ferrous metals (aluminium, copper etc) is
less than that of steels, probably because these metals have fewer inclusions and
inhomogeniuties.

3.3.3. Distribution laws of endurance

For high stress levels, endurance N follows a log-normal law [DOL 59]
[IMP 65]. In other words, in scales where the abscissa carry log N, the distribution
of log N follows, in this stress domain, a roughly normal law (nearer to the normal
law when a is higher) with a scatter which decreases when a increases. M. Matolcsy
[MAT 69] considers that the standard deviation s can be related to the fatigue life at
50% by an expression of the form

where A and (3 are constants functions of material.

[3.3]
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G.M. Sinclair and T.J. Dolan [SIN 53] observed that the statistical law
describing the fatigue lives is roughly log-normal and that the standard deviation of
the variable (log N) varies according to the amplitude of the applied stress according
to an exponential law.

Figure 3.6. Log-normal distribution of the fatigue lives

In the endurance zone, close to D, F. Bastenaire [BAS 75] showed that the
inverse 1/N of endurance follows a modified normal law (with truncated tail).

Other statistical models were proposed, such as, for example [YAO 72]
[YAO 74]:

- the normal law [AST 63],
- extreme value distribution,
- Weibull's law [FRE 53],
- the gamma law [EUG 65].

Example

Table 3.1. Examples of values of the exponent P

Aluminium alloys

Steels

Copper wires

Rubber

1.125

1 .114to 1.155

1.160

1.125
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Table 3.2. Examples of values of the variation coefficient of the number
of cycles to failure

Authors

I.C. Whittaker

P.M. Besuner

[WHI 69a]

T. Endo
[END 67]

J.D. Morrow
[WIR 82]

S.R. Swanson
[SWA 68]

T.R. Gurney
[GUR 68]

Materials

Steels Rm < 1650 MPa(240ksi)

Steels Rm > 1650MPa (240 ksi)

Aluminium alloy

Alloy titanium

Steel 4340

7075-T6

2024-T4

Titanium 8 1 1

Steel SAE 1006

Maraging steel 200 grade

Maraging steel Nickel 18%

Welded structures

Conditions

Low cycle
fatigue

(N < 103)

Fatigue under
narrow band
random noise

Mean

VN(%)

36

48

27

36
(Log-

normal)

14.7

17.6

19.7

65.8

25.1

38.6

69.0

52



80 Fatigue damage

Table 3.3. Examples of values of the variation coefficient of the number
of cycles to failure

Authors

R. Blake
W.S. Baird[BLA69]

Epremian
Mehl [EPR 52]

A.H.S. Ang [Ang 75]
W.H. Munse

I.C. Whittaker
[WHI 72]

P.H. Wirsching
[WIR 83b]

P.H. Wirsching
Y.T. Wu

[WIR 83c]

P.H. Wirsching
[WIR 83a]

T Yokobori
[YOK 65]

T.J. Dolan [DOL 52]
H.F. Brown

G.M. Sinclair
T.J. Dolan [SIN 53]

J.C. Levy
[LEV 55]

Materials

Aerospace components

Steels
Log-normal law

Welding

Steel UTS < 1650 MPa
Steel UTS > 1650 MPa

Aluminium alloys
Titanium alloys

Welding (tubes)

RQC - 100 Q

Waspaloy B

Super alloys

Containing Nickel

Conditions

Random loads

slog/mlog

Plastic strain

Elastic strain

Plastic strain

Elastic strain

VN , often about 30% to 40%, can reach 75% and
even exceed 100%.

Low cycle fatigue field: 20% to 40% for the
majority of metal alloys.

For N large, VN can exceed 1 00%.

Steel
Rotational bending or traction compression

Aluminium alloy 7075. T6
Rotational bending

Aluminium alloy 75.S-T
Rotational bending

Mild steel
Rotational bending

VN(%)

3 to 30

2.04 to
8.81
Log-

normal law

52

36
48

22
36

70 to 150

15 to 30

55

42

55

28 to 130

44 to 80

10 to 100

43 to 75
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I. Konishi [KON 56]
M. Shinozuka

M. Matolcsy
[MAT 69]

S. Tanaka
S. Akita [TAN 72]

Notched plates - Steel SS41
Alternate traction

Synthesis of various test results

Silver/nickel wires
Alternating bending

18 to 43

20 to 90

16 to 21

P.H.Wirshing [WIR 81] however checked, from a compilation of various
experimental results that, for welded tubular parts, the log-normal law is that which
adapts best. It is this law which is most often used [WIR 81]; it has the following
advantages in addition:

- well defined statistical properties,

- easy to use,

- adapts to great coefficient variations.

Tables 3.2 and 3.3 give as an indication values of the variation coefficient of the
number of cycles to failure of some materials noted in the literature [LAL 87].

Value 0.2 of the standard deviation (on log N) is often used for the calculation of
the fatigue lives (for notched or other parts) [FOR 61] [LIG 80] [LUN 64]
[MEH 53].

3.3.4. Distribution laws of fatigue strength

Another way of getting to the problem can consist of studying the fatigue
strength of the material [SCH 74], i.e. the stress which the material can resist during
N cycles. This strength has also a statistical character and strength to p percent of
survival and a median strength are defined here too.

Figure 3.7. Gaussian distribution of fatigue strength
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The curve representing the probability of failure during a test for which duration
is limited to N cycles depending on the stress a is named response curve [CAZ 69]
[ING 27].

The experiment shows that the fatigue strength follows a roughly normal law
whatever the value of N and is fairly independent of N [BAR 77]. This constancy is
masked on the S-N diagrams by the choice of the log-lin or log-log scales, scatter
appearing to increase with N. Some values of the variation coefficient of this law for
various materials, extracted from the literature, are given in reference [LAL 87].

Table 3.4. Examples of values of the variation coefficient of the endurance strength
for given N

Authors

J.C. Ligeron
[LIG 80]

T Yokobori
[YOK 65]

E Mehle
[MEH 53]

R.F. Epremian
[WIR 83a]

Materials

Steels
Various alloys

Mild steel

Steel SAE 4340

Large variety of
metallic materials

Parameter

Fatigue limit stress

Fatigue limit stress

Endurance stress (failure
for given N )

VN(%)

4.4 to 9.4

2.5 to 11.3

20 to 95

5 to 15

For all the metals, J.E. Shigley [SHI 72] proposes a variation coefficient D

(ratio of the standard deviation to the mean) equal to 0.08 [LIG 80], a value which
can be reduced to 0.06 for steels [RAN 49].

3.3.5. Relation between fatigue limit and static properties of materials

Some authors tried to establish empirical formulae relating the fatigue limit D

and its standard deviation to the mechanical characteristics of the material (Poisson
coefficient, Young's modulus etc). For example, for steels, the following relations
were proposed [CAZ 69] [LIE 80] (Table 3.5).

A. Brand and R. Sutterlin [BRA 80a] noted after exploitation of a great number
of fatigue tests (rotational bending, on not notched test bars) that the best correlation
between D and a mechanical strength parameter is that obtained with the ultimate
strength Rm (tension):
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All these relations correctly represent only the results of the experiments which
made it possible to establish them and are therefore not general. A. Brand and
R. Sutterlin [BRA 80a] tried however to determine a more general relation,
independent of the size of the test bars and stress, of the form:

where a and b are related to

is the real fatigue limit related to the nominal fatigue limit

stress concentration factor,
X is the stress gradient, defined as the value of the slope of the tangent of the stress
field at the notch root divided by the maximum value of the stress at the same point
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Table 3.5. Examples of relation between the fatigue limit and the
static properties of materials

Houdremont and
Mailander

Lequis, Buchholtz
and Schultz

Fry, Kessner and
Ottel

Heywood

Brand

Lieurade and
Buthod [LIE 82]

Juger

Rogers

Mailander

Stribeck

Re= yield stress
Rm= ultimate stress

A% = lengthening, in
percent.

a proportional to Rm

and (3 inversely
proportional

(to 15% near)

S = striction, expressed
in%

Steel, bending:

Very resistant steels:

Non-ferrous metals:

Feodossiev

In all the above relations, are expressed inand
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Variation coefficient

v is independent of Rm. A. Brand et al [BRA 80a] advises to take 10 %.

3.3.6. Analytical representations ofS-N curve

Various expressions have been proposed to describe the S-N curve representative
of the fatigue strength of a material, often in the limited endurance domain (the
definition of this curve having besides evolved over the years from a deterministic
curve to a curve of statistical character).

Figure 3.8. Representation of the S-N curve in semi-logarithmic scales

The S-N curve is in general plotted in semi-logarithmic scales log N, a, in which
it presents a roughly linear part (around an inflection point), variable according to
material (BC), followed by an asymptote to the straight line a = aD.

Among the many more or less complicated representations and of which none is
really general, the following can be found [BAS 75] [DEN 71] [LIE 80].

3.3.6.1. Wohler relation (1870)

This relation does not describe the totality of the curve since a does not tend
towards a limit GD when N -> oo [HAI 78]. It represents only the part BC. It can be
also written in the form:
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3.3.6.2. Basquin relation

The relation suggested by Basquin in 1910 is of the form

Figure 3.9. Significance of the parameter b of Basquin's relation

In these scales, the curve can be entirely linearized (upwards) by considering the
amplitudes of the true stresses (and neither nominal). The expression [3.7] can also
be written:

(TRF being the fatigue strength coefficient. This expression is generally valid for
4

high values of N (> 10 ). If there is a non zero c0 mean stress, constant C must be
replaced by:

or [BAS 10]

while setting:

The parameter b is sometimes named index of the fatigue curve [BOL 84].

or
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where C is the constant used when a0 = 0 and Rm is the ultimate strength of the
material [WIR 83a].

In the expression N CT = C, the stress tends towards zero when N tends towards
the infinite. This relation is thus representative of the S-N curve only in its part BC.
In addition, it represents a straight-line in logarithmic scales and not in semi-
logarithmic scales (log-lin). A certain number of authors presented the results of the
fatigue tests in these scales (log-log) and showed that part BC is close to a straight-
line [MUR 52]. F.R. Shanley [SHA 52] considers in particular that it is preferable to
choose these scales. H.P. Lieurade [LIE 80] note as for him that the representation
of Basquin is appropriate less well that the relation of Wohler in the intermediate
zone and that it is not better around the fatigue limit. It however is very much used.

To take account of the stochastic nature of this curve, P.H. Wirsching [WIR 79]
proposes to treat constant C of this relation like a log-normal random variable of
mean C and standard deviation CTC and gives the following values, in the domain of
the great numbers of cycles:

-median: 1.55 1012 (ksi)(2),

- variation coefficient: 1.36

(statistical study of S-N curves relating to connections between tubes).

Some numerical values of the parameter b In Basquin's relationship

Metals

The range of variation of b is between 3 and 25. The most common values are
between 3 and 10 [LEN 68]. M. Gertel [GER 61] [GER 72] and C.E. Crede,
E.J. Lunney [CRE 56b] consider a value of 9 to be representative of most materials.
It is probably a consideration of this order that led to the choice of 9 by such
standards as MIL-STD-810, AIR, etc. This choice is satisfactory for most light
alloys and copper but may be unsuitable for other materials. For instance, for steel,
the value of b varies between 10 and 14 depending on the alloy. D.S. Steinberg
[STE 73] mentions the case of 6144-T4 aluminum alloy for which b = 14

(Na1 4 =2.26 1078).

b is near to 9 for ductile materials and near to 20 for brittle materials, whatever
the ultimate strength of the material [LAM 80].

2. 1 ksi = 6.8947 MPa
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Table 3.6. Examples of values of the parameter b [DEI 72]

Material

2024-T3 aluminium

2024-T4 aluminium

7075-T6 aluminium

6061-T6 aluminium

ZK-60 magnesium

BK31XA-T6 magnesium

QE 22-T6 magnesium

4 130 steel

Standardized

Hardened

6A1-4V Ti

Beryllium

Hot pressed

Block

Cross Rol Sheat

Invar

Anneal copper

1S1 fiberglass

Type of fatigue test

Axial load

Rotating beam

Axial loading

Rotating beam

Axial load

Rotating beam

Wohler

Axial load

Axial load

Axial load

Axial load

Axial load

Axial load

amin

CTmax

-1

-1

-1

_]

0.25

-1

-1

-1

-1

-1

0

0.2

-1

0.2

b

5.6

6.4

5.5

7.0

4.8

8.5

5.8

3.1

4.5

4.1

4.9

10.8

8.7

12.6

9.4

4.6

11.2

6.7

The lowest values indicate that the fatigue strength drops faster when the number
of cycles is increased, which is generally the case for the most severe geometric
shapes. The lower the stress concentration, the higher the value of parameter b.
Table 3.6 gives the value of b for a few materials according to the type of load
applied: tension-compression, torsion, etc. and the value of the mean stress, i.e. the



Concepts of material fatigue 89

A few other values are given by R.G. Lambert [LAM 80] with no indication of
the test conditions.

Material

Copper wire

Aluminium alloy 6061-T6

7075-T6

Soft solder (63-37 Tin - Lead)

4340 (BHN 243)

4340 (BHN 350)

AZ3 1 B Magnesium alloy

b

9.28

8.92

9.65

9.85

10.5

13.2

22.4

Figure 3.10. Examples of values of the parameter b [CAR 74]

It is therefore necessary to be very cautious in choosing the value of this
parameter, especially when reducing the test times for constant fatigue damage
testing.

Case of electronic components

The failures observed in electronic components follow the conventional fatigue
failure model [HAS 64]. The equations established for structures are therefore
applicable [BLA 78]. During initial tests on components such as capacitors, vacuum
tubes, resistors, etc. and on equipment, it was observed that the failures (lead

Table 3.7. Examples of values of the parameter b [LAM80]
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breakage) generally occurred near the frame resonance frequencies, generally below
500 Hz [JAC 56]. The analysis of tests conducted on components by D.L.Wrisley
and W.S. Knowles [WRI] tends to confirm the existence of a fatigue limit.

Electronic components could be expected a priori to be characterized by a
parameter b of around 8 or 9 for fatigue strength, at least in the case of discrete
components with copper or light alloy leads. That is moreover the value chosen by
some authors [CZE 78].

Few data have been published on the fatigue strength of electronic components.
C.A. Golueke [GOL 58] gives S-N curves plotted from the results of fatigue testing
conducted at resonance on resistors, for setups such that the resonance frequency is
between 120 Hz and 690 Hz. Its results show that the S-N curves obtained for each
resonance are roughly parallel. On log N - log x scales (acceleration), parameter b
is very close to 2. Components with the highest resonance frequency have the
longest life expectancy, which demonstrates the interest of decreasing the
component lead length to a minimum.

Figure 3.11. Examples of S-N curves of electronic components [GOL 58]

This work, already old (1958), also reports that the most fragile parts as regards
fatigue strength are the soldered joints and interconnections, followed by capacitors,
vacuum tubes, relays to a much lesser extent, transformers and switches.

M. Gertel [GER 61] [GER 62] writes the Basquin relation N ab = C in the form

where aD is the fatigue limit. If the excitation is sinusoidal [GER 61] and if the
structure, comparable to a one-degree-of-freedom system, is subjected to tension-
compression, the movement of mass m is such that
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a = stress in the part with section S. If the structure is excited at resonance, we have:

and

Knowing that the specific damping energy D is related to the stress by

and that the Q factor can be considered as the product

dimensionless factor of the material, where E is Young's modulus,

and of Kv, the dimensionless volumetric stress factor, we obtain

yielding, if

and
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we obtain

yielding the value of the parameter b of resistors in N - a axes (instead of N, x):

b = 2 (n-1) [3.18]

which, for n = 2.4 , is equal to 2 x 1.4 = 2.8. These low values of b are confirmed
by other authors [CRE 56b] [CRE 57] [LUN 58]. Some relate to different
component technologies [DEW 86]. Among the published values are, for instance,
C.E. Crede's [GER 61] [GER 62]:

Resistors: b = 2.4 to 5.8
Vacuum tubes: b = 0.6

and those of E.J. Lunney, C.E. Crede [CRE 56b]:

Capacitors: b = 3.6 (leads)
Vacuum tubes: b = 2.83 to 2.13.

3.3.6.3. Some other laws

Stromeyer (1914)

or

or

Here, a tends towards CTD when N tends towards the infinite.



Concepts of material fatigue 93

Palmgren (1924) [PAL 24]

or

a relation which is better adjusted using experimental curves than with Stromeyer's
relation.

Weibull (1949)

where Rm is the ultimate strength of studied material. This relation does not
improve the preceding one. It can be also written:

where F is a constant and A is the number of cycles (different from 1/4)
corresponding to the ultimate stress [WEI 52]. It was used in other forms, such as:

with n = 1 (Prot [PRO 48])
n = 2 (Ferro and Rossetti [PER 55])

and

where a and b are constants (Stussi [FUL 63]).

Corson (1949) [MIL 82]
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Bastenaire [BAS 75]

3.4. Factors of influence

3.4.1. General

There is a great number of parameters have a bearing on fatigue strength and
thus the S-N curve. The fatigue limit of a test bar can thus be expressed in the form
[SHI 72]:

aD = Ksc Ks Ke Kf Kr Kv o'D [3.30]

where CT'D is the fatigue limit of a smooth test bar and where the other factors make
it possible to take into account the main following effects:

KoP scale effect
ov

Ks surface effect

Ke temperature effect

Kf form effect (notches, holes etc)

Kr reliability effect

K various effects (loading rate, type of load, corrosion, residual stresses,
stress frequency etc)

These factors can be classified as follows [MIL 82]:

- factors depending on the conditions of load (type of loads:
tension/compression, alternating bending, rotational bending, alternating torsion
etc),

- geometrical factors (scale effect, shape etc),
- factors depending on the conditions of surface,
- factors of a metallurgical nature,

- factors of environment (temperature, corrosion etc).

We examine below some of these parameters.
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3.4.2. Scale

For rather obvious reasons of simplicity and cost, the tests of characterization of
strength to fatigue are carried out on small test bars. The tacit and fundamental
assumption is that the damage processes apply both to the test bars and the complete
structure. The use of the constants determined with test bars for the calculation of
large-sized parts supposes that the scale factor has little influence.

A scale effect can appear when the diameter of the test bar is increased,
involving an increase in the volume of metal and the surface of the part concerned,
and thus an increase in the probability of cracking. This scale effect has as origins:

- mechanics: existence of a stress gradient in the surface layers of the part,
variable with its dimensions, weaker for the large parts (case of the nonuniform
loads, such as torsion or alternating bending),

- statistics: larger probability of existence of defects being able to start
microscopic cracks in the large parts,

- technological: surface quality, material heterogeneity.

It is noted in practice that the fatigue limit is smaller when the test bar used is
larger. With equal nominal stress, the more dimensions of a part increase, the more
its fatigue strength decreases [BRA 80b] [BRA 81] [EPR 52].

B.N. Leis [LEI 78], then B.N. Leis and D. Broek [LEI 81] showed that, on the
condition of taking some precautions to make sure that similarity is respected strictly
at the critical points (notch root, crack edges etc), precise structure fatigue life
predictions can nonetheless be made from laboratory test results. However, respect
of this similarity is sometimes difficult to obtain, for lack of correct comprehension
of the factors controlling the process of damage rate.

3.4.3. Overloads

We will see that the order of application of loads of various amplitudes is an
important parameter. It is observed in practice that:

1. For a smooth test bar, the effect of an overload leads to a reduction in the
fatigue life. J Kommers [KOM 45] shows that a material which was submitted to
significant over-stress, then to under-stress, can break even if the final stress is lower
than the initial fatigue limit, because the over-stress produces a reduction in the
initial fatigue limit. By contrast, an initial under-stress increases the fatigue limit
[GOU 24].

J.R. Fuller [FUL 63] noted that the S-N curve of a material having undergone an
overload turns in the clockwise direction with respect to the initial S-N curve,



around a point located on the curve having for ordinate the amplitude GJ of the
overload.

Figure 3.12. Rotation of the S-N curve of a material which underwent
an overload (J.R. Fuller [FUL 63J)

The fatigue limit is reduced. If after nl cycles on the level GJ , n2 cycles are
carried out on the level a2, the new S-N curve takes the position (D.

niRotation is quantitatively related to the value of the ratio — on the over-stress
NI

level GJ. J.R. Fuller defines a factor of distribution which can be written, for two
load levels,

where q is a constant, equal to 3 in general (notch sensitivity of material to fatigue to
the high loads)

NA = number of cycles on the highest level CTA

Na = number of cycles on the lower level aa

If P = 1, all the stress cycles are carried out at the higher stress level (Na = 0).
This factor P allows characterizing of the distribution of the peaks between the two
limits CJA and cra and is used to correct the fatigue life of the test bars calculated
under this type of load. It can be used for a narrow band random loading.
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2. For a notched test-bar, of which most of the fatigue life is devoted to the
propagation of the cracks by fatigue, this same effect led to an increase in the fatigue
life [MAT 71]. Conversely, an initial under-load accelerates cracking. This
acceleration is all the more significant since the ensuing loads are larger. In the case
of random vibrations, they are statistically not very frequent, and of short duration
and the under-load effect can be neglected [WEI 78].

3.4.4. Frequency of stresses

The frequency, within reasonable limits of variation, is not important [DOL 57].
It is considered in general that this parameter has little influence so long as the heat
created in the part can be dissipated and a heating does not occur which would affect
the mechanical characteristics (stresses are considered here as directly applied to the
part with a given frequency. It is different when the stresses are due to the total
response of a structure involving several modes [GRE 81]).

An assessment of the influence of the frequency showed that [HON 83]:

- the results published are not always coherent, particularly because of corrosion
effects,

- for certain materials, the frequency can be a significant factor when it varies
greatly, acting differently depending on materials and load amplitude,

- its effect is much more significant at high frequencies.

For the majority of steels and alloys, it is negligible for f < 117 Hz. In the low
number of cycles fatigue domain, there is a linear relation between the fatigue life
and the frequency on logarithmic scales [ECK 51]. Generally observed are:

- an increase in the fatigue limit when the frequency increases,

- a maximum value of fatigue limit at a certain frequency.

For specific treatment of materials, unusual effects can be noted [BOO 70] [BRA
80b] [BRA 81] [ECK 51] [FOR 62] [FUL 63] [GUR 48] [HAR 61] [JEN 25] [KEN
82] [LOM 56] [MAS 66a] [MAT 69] [WAD 56] [WEB 66] [WHI 61]. I. Palfalvi
[PAL 65] showed theoretically the existence of a limiting frequency, beyond which
the thermal release creates additional stresses and changes of state.

The effect of frequency seems more marked with the large numbers of cycles
and decreases when the stress tends towards the fatigue limit [HAR 61]. It becomes
paramount in the presence of a hostile environment (for example, corrosive medium,
temperature) [LIE 91].
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3.4.5. Types of stresses

The plots of the S-N curves are in general carried out by subjecting test bars to
sinusoidal loads (tension and compression, torsion etc) with zero mean. It is also
possible to plot these curves for random stress or even by applying repeated shocks.

3.4.6. Non zero mean stress

Unless otherwise specified, it will be supposed in what follows that the S-N
curve is defined by the median curve. The presence of a non zero mean stress
modifies the fatigue life of the test bar, in particular when this mean stress is
relatively large compared to the alternating stress. A tensile mean stress decreases
the fatigue life, a compressive stress increases it.

Since the amplitudes of the alternating stresses are relatively small in the fatigue
tests with a great number of cycles, the effects of the mean stress are more important
than in the tests with a low number of cycles [SHI 83].

If the stresses are enough large to produce significant repeated plastic strains, as
in the case of fatigue with a small number of cycles, the mean strain is quickly
released and its effect can be weak [TOP 69] [VAN 72].

When the mean stress am is different from zero, the sinusoidal stress is
generally characterized by two parameters chosen from aa, crmax, crmin and
R = amin/CTmax-

Figure 3.13. Sinusoidal stress with non zero mean
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Figure 3.14. Representation of the S-N
curves with non zero mean versus R

Figure 3.15. Representation of the S-N
curves with non zero mean versus the mean

stress

Although this representation is little used, it is possible to use the traditional
representation of the S-N curves with on the abscissa the logarithm of the number of
cycles to failure and on the ordinate the stress crmax, the curves being plotted for
different values of am or R [FID 75] [SCH 74].

Other authors plot S-N curves giving aa versus N, for various values of am and
propose empirical relations between constants C and b of the Basquin's relation

( N < y b =C)anda m [SEW 72]:

Figure 3.16. Example of S-N curves with non zero mean
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Example

Aluminium alloy:

log,0 C - 9.45982 - 2.37677 am +1.18776 CT^ - 0.25697 a^

b = 3.96687 - 0.213676 am - 0.04786 a^ + 0.00657 G3
m

(am in units of 10 ksi)(^)

It is generally agreed to use material below its yield stress (amax < Re) only,

which limits the influence of am on the life. The application of static stress led to a
reduction in aa (for a material, a stress mode and a given fatigue life). It is thus
interesting to know the variations of aa with am. Several relations or diagrams
were proposed to this end.

For tests with given am, one can make correspond a value of the fatigue limit
CTD to each value of am. All of these values aD are represented on various
diagrams known as 'endurance diagrams' which, as with the S-N curves, can be
drawn for given probabilities [ATL 86].

3.5. Other representations of S-N curves

3.5.1. Haigh diagram

The Haigh diagram is made up by plotting the stress amplitude cra against the
mean stress at which the fatigue test was carried out, for a given number N of cycles
to failure [BRA 80b] [BRA 81] [LIE 82]. Tensions are considered as positive,
compressions as negative.

3. 1 ksi = 6.8947 MPa.
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Figure 3.17. Haigh diagram

We set crm the mean stress, aa the alternating stress superimposed on am, a'a
the purely alternating stress (zero mean) which, applied alone, would lead to the
same lifetime and aD the fatigue limit.

Point A represents the fatigue limit CTD in purely alternating stress, the point B
corresponds to the ultimate stress during a static test (aa =0). The half straight lines
starting from the origin (radii) represent couples aa, am. They can be

aa
parameterized according to the values of the ratio R = . The co-ordinates of a

°m
point on the straight line of slope equal to 1 are (crm, am) (repeated stress
[SHI 72]).

The locus of the fatigue limits observed under test for various values of the
couple (am, aa) is an arc of curve crossing by A and B. The domain delimited by
arc AB and the two axes represents the couples (am, aa) for which the fatigue life
of the test bars is higher than the fatigue life corresponding to aD.

So long as amax (= am + cra) remains lower than the yield stress Re, the curve
representing the variations of aa with am is roughly a straight line. For crmax < Re,
we have, at the limit,

CTmax = Re = am+CTa

CTa = Re-C T in
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This line crosses the axis Oam at a point P on abscissa Re and Oaa at a point Q
on ordinate Re. Let us set C the point of Oaa having as ordinate amax (< Re). The
arc CB is the locus of the points (crm, aa) leading to the same fatigue life. This arc
of curve crosses the straight line PQ at T. Only the arc (appreciably linear) crossing
by T on the left of PQ is representative of the variations of cra varying with am for
amax < Re. On the right, the arc is no longer linear [SCH 74].

Curve AB has been represented by several analytical approximations, starting
from the value of aD (for am =0), and of aa and am, used to build this diagram a
priori in an approximate way [BRA 80a] [GER 74] [GOO 30] [OSG 82].

Modified Goodman line

Figure 3.18. Haigh, Gerber,Goodman and Soderberg representations

Soderberg line

Gerber parabola
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The Haigh diagram is plotted for a given endurance N0, in general fixed at
107 cycles, but it can also be established for any number of cycles. In this case, curve
CTB, in a similar way, can be represented depending on case by:

These models make it possible to calculate the equivalent stress range Aaeq.

taking into account the non zero mean stress, using the relation [SHI 83]:

where

Aa is the total stress range

Depending on materials, one or the other of the representations is best suited.
The modified Goodman line leads to conservative results (and thus also for over-
sizing) [HAU 69] [OSG 82], except close to the points am = 0 and Rm = 0. It is
good for brittle materials, conservative for ductile materials.

The Gerber representation was proposed to correct this conservatism; it adapts
better to the experimental data for aa > am. The case am » aa can correspond to

Modified Goodman Soderberg Gerber

(modified Goodman)

om = mean stress

Rm= ultimate tensile strength.

The relationships [3.35] to [3.37] can be written in the form

Modified Goodman Soderberg Gerber



plastic deformations. The model is worse for am < 0 (compression). It is
satisfactory for ductile materials.

The Soderberg model eliminates this last problem, but it is more conservative
than that of Goodman. E.B. Haugen and J.A. Hritz [HAU 69] observe that:

-the modifications made by Langer (which excludes the area where the sum
CTa + cm is higher than Re) and by Sines are not significant,

- it is desirable to replace in this diagram the static yield stress by the dynamic
yield stress,

-the curves are not deterministic, one should better use a Gerber parabola in
statistical matter, of the form:

where crD and Rm are mean values, as

where Sa and SR are respectively the standard deviations of CTD and Rm

[BAH 78].
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Figure 3.19. Haigh diagram. Langer and Sines modifications
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NOTE. — The Haigh diagram can be built from the S-N curves plotted for several
values of the mean stress am (Figures 3.20 and 3.21).

Figure 3.20. S-N curves with non zero mean stress,
for construction of the Haigh diagram

Figure 3.21. Construction of the
Haigh diagram

A static test makes it possible to evaluate Rm. A test with zero mean stress gives

CTa. For given N, the curves am. have an ordinate equal to <JD (N)J .

Other relations

Von Settings-Hencky ellipse or J. Marin ellipse [MAR 56]:

a'a = allowable stress when am = 0

aa = allowable stress (for the same fatigue life N) for given am * 0

ml = constant.

The case of ml = 1 (Goodman) is conservative. The experiment shows that
ml < 2. Value 1.5 is considered correct for the majority of steels [DBS 75].
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J. Bahuaud [MAR 56]

where

Rt = true ultimate tensile and compressive strength.

If strength Rt is unknown, it can be approximated using

Zu = striction coefficient

Rm = conventional ultimate strength

Dietmann

All these relations can be gathered in the more general form

where kl5 k2, rj and r2 are constant functions of the chosen law.
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Table 3.8. Values of the constants of the general law (Haigh diagram)

Soderberg

Modified Goodman
Gerber

Von Mises-Hencky

J. Marin

Dietmann

Kececioglu

ri

1

1
1

2

1

2

b(*>

r2

1

1
2

2
ml

1

2

k,

1

1
1
1
1
1
1

k2

Re

Rm
i
i
i
i
i
i

( ) b = factor function of the nature of material (close to 1)

NOTE. - In rotational bending, the following relation can be used, in the absence of
other data [BRA 80bJ:

3.5.2. Statistical representation of Haigh diagram

We saw that in practice, the phenomena of fatigue are to be represented
statistically. The Haigh diagram can take such a form.

If the relation Gerber is chosen for example, parabolic curves are plotted, on the
axes aa, crm, to describe the variations of a given stress cra, corresponding to a
given number of cycles to failure, with given probability.

_ aD tension-compression
D rotative bending ~ TT
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Figure 3.22. Statistical representation of the Haigh diagram

It is shown that the distribution of the alternating stresses obtained while
crossing the arcs of parabola by a straight line emanating from the origin O (slope
aa

) is roughly Gaussian [ANG 75].
CTm

3.6. Prediction of fatigue life of complex structures

A very difficult problem in the calculation of the fatigue life of a structure is the
multiplicity of the sites of initiation of cracks and the mechanisms which determine
the life resulting from fatigue of the structure. It could be observed that these sites
and mechanisms depend on the environment of service, the amplitude and the nature
of the loads.

B.N. LEIS [LEI 78] classes methods of analysis of fatigue in two principal
categories:

- indirect approach, in which one tries to predict the fatigue life (estimate and
accumulation of damage) on the basis of deformation and stress acting far from the
potential areas of initiation of the cracks by fatigue, depending on the external
displacements and forces (black box approach),

- the direct approach, in which one tries to predict the fatigue life on the basis of
stress and deformations acting on the potential sites of initiation. These stresses and
deformations are local.

The first approach cannot take into account the local inelastic action at the site of
initiation of fatigue, whereas the direct approaches can introduce this non linearity.
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The direct approach allows correct predictions of initiation of cracks in a
structure on the condition of correctly taking into account the multiplicity of the
sites of initiation and mechanisms which control the life in fatigue.

3.7. Fatigue in composite materials

An essential difference between metals and composites lies in their respective
fatigue behaviour. Metals usually break by initiation and propagation of crack in a
manner which can be predicted by the fracture mechanics. The composites present
several modes of degradation such as the delamination, failure of fibres, disturbance
of the matrix, presence of vacuums, failure of the matrix, failure of the composite. A
structure can present one or several of these modes and it is difficult a priori to say
that which will prevail and will produce the failure [SAL 71].

Another difference with metals relates to behaviour as a result of low frequency
fatigue. It is often admitted that metals follow, for a low number of cycles, a law
known as Coffin-Manson 's relating the number of cycles to failure N to the strain
range, of the form

(where P » 0.5). The composites are more sensitive to the strain range and more
resistant to fatigue when undergoing large numbers of cycles than with a low
number of cycles. A structure can break owing to the part of the load spectrum
relating to small stresses if it is metallic, whereas the same structure in composite
would break because of high loads.

The fatigue strength of composite materials is affected by various parameters
which can be classified as follows [COP 80]:

— factors specific to the material: low thermal conductivity, leading to an
important increase in the temperature if the frequency is too high, defects related on
the heterogeneous structure of material and its implementation (bubbles etc), natural
aging related to its conditions of storage etc.

- factors related to the geometry of the test bars:
- shape, holes, notches (stress concentration factors), as with metals,
- irregularities of surface being able to modify the thickness of the test bars in

a significant way (important in the case of nonuniform stresses (torsion, bending
etc),

- stress and environment conditions:
- mode of application of the stresses (torsion etc),

- frequency,
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- mean stress,

- hygrothermic environment,
- corrosion (surface deterioration of polymer comparable with corrosion).

R. Cope and A. Balme [COP 80] show for example that a resin polyester-
fiberglass composite or laminate obeys a fatigue degradation model because of:

- degradation of the interface fibre-resin,

- degradation by cracking and loss of the resin polyester,

- progressive damage of the reinforcement.

These use an index of reference for damage evolution depending on number n of
G

cycles the ratio (G: rigidity modulus in torsion after n cycles, G0: the same
GO

modulus at the test commencement) and observe a threshold ns beyond which the
material starts to adapt in an irreversible way, and thus to undergo damage.

The effect of temperature results in a decrease of the threshold ns for weak
deformations and an increase in the number of cycles for failure (for t > 60°C).

The presence of mean stress amplifies in an important way the fatigue damage.

In addition, it is often considered that Miner's rule strongly over-estimates the
fatigue life of the structures in composites [GER 82].



Chapter 4

Accumulation of fatigue damage

4.1. Evolution of fatigue damage

From a fundamental point of view, the concept of fatigue damage is not well
defined because of a lack of comprehension of the physical phenomena related to the
material.

The constituent material of any part subjected to alternating stresses undergoes a
deterioration of its properties. Depending on the stress level and the number of
cycles carried out, this deterioration is partial or can continue until failure.

In order to follow the evolution of deterioration, one defines the concept of
damage undergone by the test bar, which can rise from zero to 100% at the instant
of failure.

To follow the progress of the damage over time, a first solution could consist for
example [LLO 63] of studying the evolution of specific physical properties of the
test bar.

Figure 4.1. Accumulation of fatigue damage up to failure



Strength in (static) tension decreases gradually as the number of stress cycles
increases. Measurement of the evolution of these parameters encounters two
difficulties: its variation is very weak for most of the life of the test bar and
particularly if the test to be carried out is destructive.

During the fatigue test, cracks appear which are propagated until failure of the
test bar. Unfortunately, cracks become detectable and measurable only towards the
end of the fatigue life of the test bar.

Additionally, the studies conducted to elucidate evolution of fatigue as a function
of the characteristics of elasticity, plasticity, viscoelasticity and buckling showed
that these parameters do not evolve during the application of alternating stress cycles
[LEM 70].

With regard to this impossibility, one tried to imagine laws of damage
accumulation by fatigue being based on other criteria. Many laws of this type were
established, in general starting from experimental results.

4.2. Classification of various laws of accumulation

Some laws of accumulation of damage are independent of the stress level a.
Others depend on it: the D(n) curve is different according to the value of c
[BUI 80] [LLO 63] [PRO 48]. For others, the D(n) curve varies not only with a,
but also with the preceding series of alternating stresses applied to the material
(damage with interaction).

Figure 4.2. Various processes of stress accumulation
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In general, all these laws of damage accumulation relate to alternating loads with
zero average applied to ordinary temperature. There are however publications
treating of these two particular problems (strong temperature or non zero mean
stress).

4.3. Miner's method

4.3.1. Miner's rule

One of the oldest rules, simplest and the most used, is that known as Miner's rule
[MIN 45] (or Palmgren - Miner, because this rule was actually proposed initially by
Palmgren [PAL 24] in 1924, then by Langer in 1937 [LAN 37]). It is based on the
following assumptions:

- the damage accumulated by material during each cycle is a function only of the
stress level a; for n cycles, one defines as damage, fraction of fatigue life at the level
of sinusoidal stress a the quantity:

where N is the number of cycles to the failure at level a. If W is the stored energy at
failure after N cycles at the stress level a and w that absorbed after the application of
n cycles at this same level, we have:

- the appearance of a crack, if it is observed, is regarded as a fracture [MIN 45],

- at this level of stress a, failure intervenes (in a deterministic way) when
n = N, i.e. when d = 1 (endurance); we will see that N could also correspond to the
number of cycles with a failure rate of 50% (number of cycles for which half of the
test bars tested are broken). This number N is given by the S-N curves previously
defined (which are, in general, plotted starting from tests under sinusoidal stresses
with constant amplitude). The stresses lower than the fatigue limit stress are not
taken into account (N is infinite, therefore d is zero),

- the damages d are added linearly. If k sinusoidal stresses Oj of equal or
different amplitudes are applied successively in n; cycles, the total damage
undergone by the test bar is written:
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It is supposed finally that the damage accumulates without there being influence
of one level on the other. In this case, the failure occurs for

NOTE. - The assumption of linearity is not necessary to obtain

to the failure. It is enough to suppose that the rate of damage is a function of n/N
independent of the amplitude of the cyclic stress [BLA 46].

Miner's rule thus consists of proceeding to a sum of the fractions of fatigue life
of the specimen consumed with each cycle and each stress level, the damage
corresponding to a cycle of stress a being equal to 1/N. It is thus a linear law
independent of the stress level and without interaction.

We will see that Miner's rule can also be used for a random excitation or even
for shocks. In this case, it is necessary to establish a histogram of the peaks of stress,
a table indicating, for the period of validity of the stress, the number of peaks having
a given amplitude (or included in a range of amplitudes). For a given amplitude GJ,
the partial damage relating to a peak (half-cycle) is:

yielding total damage for HJ peaks of amplitude c^:
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For cjj = 15 daN/mm2, the number of cycles to failure is equal to Nt = 3 10

For a2 = 20 daN/mm2, N2 = 6 105 and for a3 = 12 daN/mm2, N3 = 107.

The numbers of cycles carried out at each level are respectively equal to

n, = ft Tj =103600 = 3.6 104

(Hz) (s)

n2 =20x2700 = 5.4 104

Example

Let us consider a test in which each test bar is subjected successively to the
3 following tests:

- a sinusoidal stress of amplitude 15 daN/mm2, frequency 10 Hz, duration
1 hour,

- a sinusoidal stress of amplitude 20 daN/mm2, frequency 20 Hz, duration
45 min,

- a sinusoidal stress of amplitude 12 daN/mm2, frequency 15 Hz, duration
1 hour 30 min.

The supposed S-N curve of the material considered is plotted in Figure 4.3.

Figure 4.3. Example of S-N curve



yielding

D = 0.1101

If after application of these 3 tests, one continues the test until failure under the
conditions of the third test, it takes one duration of complementary test Tc such
that:

where nc is given by

nc =(l-D).N3 =(l-0.110l)l07 =8.899 106 cycles

yielding

Application

If it is considered that the S-N curve can be described analytically by Basquin's

relationship N CT = C, we can write:
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and

n3 =15 5400 = 8.1 104



In this relation, the only characteristic parameter of the S-N curve is the
exponent b.

Miner's rule for the estimate of the fatigue life under stresses with variable
amplitude is easy to implement; although much criticized, it is thus largely used in
the design calculations. Fatigue being a complex process, implying many factors,
this rule, a simplified description of fatigue, does not provide very precise estimates.
It seems however acquired that it leads to results acceptable for the evaluation of the
initiation of the cracks under random stresses [WIR 83b].

4.3.2. Scatter of damage to failure as evaluated by Miner

Many tests were carried out to confirm this law by experiment. They showed that
actually, one observes a significant scatter in the value of D at the instant of failure
[CUR 71] [GER 61]. M.A. Miner specifies besides that the value 1 is only an
average.

The study of the scatter of the sum 2l<ni/^i to failure was the object of
multiple works of which one can find a synthesis in the book by P.O. Forrest [FOR
74].

All these works showed that the order of application of the sinusoidal stresses is
not without influence over the fatigue life of the test bars and that the rate of
cracking does not depend only on the amplitude of the loading at a given time, but
also of the amplitudes during preceding cycles [BEN 46] [DOL 49] [KOM 45].

For decreasing levels (a2 < <TJ ), there is in general failure for D < 1
(acceleration of cracking by overload effect), whereas failure occurs with D > 1
when one applies the levels increasingly (cjj < a2) (weaker cracking rate due to the

yielding, for example, the expression of an equivalent alternating stress ae which
would produce the same fatigue damage if it were applied during Ne cycles:
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under-load). This last phenomenon, much less significant than the previous one, is in
general neglected [NEL 78] [WEI 78].

This difference in behaviour can be explained by considering that cycles of great
amplitude, when they are applied at first, create damage in the form of intergranular
microscopic cracks that the following cycles at low level will continue to propagate.

Alternatively, the first cycles, at low levels, cannot create microscopic cracks
[NEU 91]. In certain cases however, and in particular for notched samples, one
observes the opposite effect [HAR 60] [NAU 59].

D.V. Nelson [NEL 78] considers that the variations between real fatigue life and
fatigue life estimated using Miner's law, are related to the order of application of the
loads, and are, for the smooth parts, lower than or equal to ±50%.

Calculations are often carried using this law by supposing that any stress lower
than the fatigue limit stress aD of material has no effect on the material, whatever
the number N of cycles applied. However the tests showed that this stress limit can
be lowered when the test bar underwent cycles of fatigue at a higher level than aD,
lowering which is not taken into account by the Miner's rule [HAI 78].

The damage DF obtained with failure can, in practice, depending on the material
and the stress type, vary over a broad range. One finds, in the literature, values of
about 0.1 to 10 [HAR 63] [HEA 56] [TAN 70], or 0.03 to 2.31, and even sometimes
0.18 to 23 [DOL 49]. In general however, the range observed is narrower, from 0.5
to 2 for example [CZE 78] [FID 75].

These values are only examples among many of other results [BUG 77]
[BUG 78] [COR 59] [DOL 49] [FOR 61] [GAS 65] [GER 61] [JAG 68] [JAG 69]
[KLI 81] [LAV 69] [MIN 45] [STE 73] [STR 73] [WIR 76] [WIR 77]. Compilations
of work of various authors showed that:

- Depending on the materials and test sequences, Dp does not deviate, in
general, strongly from 1 and is most frequently larger than 0.3 when all the stress
levels are greater than the fatigue limit stress [BUG 78]. The variation in the
nonconservative direction is larger when the amplitude of the stresses close or lower
than the fatigue limit stress is larger than that of the stresses higher than this limit. In
addition, it is noted that Dp is practically independent of the size of the specimens.

- With a cumulative damage less than 0.3, the probability of non-failure is equal
to 95% (560 test results, without reference to the various types of loads and for a
constant average stress, on various parts and materials) [BRA 80b] [JAG 68].

In practice, it would be more correct to set, at failure:
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where

VN = variation coefficient for cycles with constant amplitude until failure.
V0= variation coefficient related to the other effects (sequence,...).

The failure takes place for D > A , with a probability given by:

Pf = P ( D > A ) [4.12]

One will find in Table 4.1 some values recorded in the literature by
P.H. Wirsching.

where C is a constant whose value is a function of the order of application of the
stress levels. This approach supposes however that the damage on the same stress
level is deterministic. However the experiment shows that the test results carried out
under the same conditions are scattered.

P.H. Wirsching [WIR 79] [WIR 83b] proposes a statistical formulation of the
form:

where A, index of damage to failure, is a random variable of median value near to 1,
with a scatter characterized by the coefficient of variation VA , the distribution being
regarded as log-normal.

The purpose of this formulation is to quantify uncertainties associated with the
use of a simple model to describe a complicated physical phenomenon. The author
proposes, to separate the factors:
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Table 4.1. Examples of statistical parameters characterizing the law of damage to failure

Aluminium
(n = 389 specimens)

Steel (n = 90)

Steel (n = 87)
Composite (n = 479)

Composite

Mean of A

1.33

1.62

1.47

1.39
1.22

Median of A

1.11

1.29
1.34

1.15
0.98

Variation coefficient
VA

0.65

0.76

0.45
0.68
0.73

P.H. Wirsching [WIR 79] recommends, with a log-normal distribution, a median
value equal to 1 and a variation coefficient equal to 0.70. He quotes however some
other results deviating from these values:

7075 alloy: VA = 0.98

2024 T4 aluminium alloy: VA =0.161

For sinusoidal loads or random sequences, W.T. Kirkby [KIR 72] deduced from
a compilation of test results on aluminium alloys:

A = 2.42

VA = 0.98

Standard deviation = 2.38

Other authors [BIR 68], [SAU 69], [SHI 80] and [TAN 75] proposed to ascribe a
statistical character to the Miner's rule by considering in particular that:

- the number N4 of cycles to failure is a random variable with average Nj at the
stress level QJ,

- the expected value of the failure is given by:

- the probability density of the damage to failure



follows a log-normal distribution [SHI 80] [WIR 76] [WIR 77] with mean HD and
standard deviation equal to 1.

NOTE. - All that precedes -was defined for the case of stresses with zero average. If it
is not the case, the method continues overall to apply, by using the S-N curve plotted
for the value of the mean stress considered.

4.3.3. Validity of Miner's law of accumulation of damage in case of random stress

A.K. Head and F.H. Hooke [HEA 56] were the first to be published on tests
where the amplitude of the stress varies in a completely random way.

Miner's rule was sometimes regarded as inadequate and dangerous to apply for
loads of random amplitude [OSG 69]. This opinion however is not commonly held
and the majority of authors consider that this rule is even better for these loads: the
order of application of the stresses being random, its influence is much weaker than
in sinusoidal mode.

The results are often regarded as resolutely optimistic. Much work carried out on
aluminium alloy test bars show that the Miner assumption led to predictions of
fatigue lives larger than those observed in experiments, with variations in the ratio
from 1 to 1.3 or 1 to 20 according to case [CLE 65] [EXP 59] [FRA 61] [FUL 63]
[HEA 56] [HIL 70] [JAC 68] [PLU 66] [SMI 63] [SWA 63]. There is thus failure
noted for

Other studies show on the contrary that the Miner's rule is pessimistic [EXP 59]
[KIR 65a] [LOW 62]. This seems to be in fact the case for loads with average tensile
stress associated with an axial loading [MAR 66] or when there are frictional
phenomena [KIR 65a].

The precision of the estimates however is considered to be acceptable in the
majority of the cases [BOO 69] [BOO 70] [BOO 76] [KOW 59] [NEL 77]
[TRO 58]. Although the Miner's rule leads to coarse results, varying considerably,
many authors consider that there is no rule more applicable than Miner's, the
regularity of the results obtained with the other methods being not significantly
better with regard to their complexity [EST 62] [FRO 75] [ING 27] [NEL 78]
[WIR 77]. The Miner's hypothesis remains a good first approximation confirmed by
experiment. The error depends on the rule itself, but also on the precision of the S-N
curve used [SCH 72a].

Accumulation of fatigue damage 121



122 Fatigue damage

All other rules developed to make it more precise, to be quoted later, brought an
additional complexity while not always using well-known constants; they lead to
better results only in certain specific cases.

Miner's rule is very much used for mechanical structures and even for the
calculation of strength to fatigue of electronic equipments. D.S. Steinberg [STE 73]
suggests for these materials calculation of fatigue life from:

instead of 1 (and not 0.3 as sometimes proposed, a value which can lead to an

increase in superfluous mass). W. Schutz [SCH 74] proposed /^— = 0.6 and, at
Ni

high temperatures, when the yield stress is definitely lower, 2_.~~ = 0.3 (result of
N j

statistical studies [OSG 69]).

Miner's rule can also be used to make comparisons of severity of several
vibrations (the criterion being the fatigue damage). This use, which does not require

that V—- is equal to unity at failure, gives good results [KIR 72] [SCH 72b]
Ni

[SCH 74].

NOTE. - Alternatives very similar to Miner's rule were evaluated [BUC 78]:

Z n
= 1, where N min is a value corresponding to a certain

Nmin
probability of survival (95% for example), is not always conservative,

— the sum \ fNmean = mean number of cycles to failure at a given
^"^ N̂mean

stress level) does not give either a precise estimate of the fatigue life (sequence
effect, non linear accumulation law etc).

4.4. Modified Miner's theory

To try to correct the variations observed between the calculated fatigue lives
starting from Miner's theory and the results of the tests, in particular during the
application of sinusoidal stresses at several levels ai? it was planned to replace the
linear accumulation law by a non-linear law of the form:
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[4.15]

Figure 4.4. Damage versus the number of cycles, as function of stress amplitude

Figure 4.4 shows the variations of the damage D versus the number of cycles
carried out at two stress levels at and a2. For given a, one supposes that the test bar
breaks when D = 1.

The number of cycles to failure is greater since CT is smaller. If the damage is
linearly cumulative (Miner's hypothesis), the curve D(n) is a straight line. With the
modified law, the curve Dx(n) is, at level a, of the form

r~v *D = a n

a being a constant such that D = 1 when n - N:

where x is a constant presumably higher than 1.

For x > 1, Dx(n) is below the straight line of the linear case (dotted curve).

Accumulation of damage using modified Miner's rule

Two methods can be considered [BAH 78] [ORE 81]:

- method of equivalent cycles,

- method of equivalent stresses,



according to whether the damage is expressed as a function of the number of cycles
brought back to only one level of stress or the damage dj is calculated
independently at each stress level a, before determining the total damage

The reasoning is based on the damage curves (damage D undergone by the test
bar according to the number of cycles n) for a given stress level a. As an example,
we will consider two levels below <TJ and a2.

Method of equivalent cycles

One carries out:

- nj cycles at level al5 failure occurring on this level for n = Nj cycles,

- n2 cycles at level a2 (failure for N2 cycles).

Figure 4.5. Determination of equivalent number of cycles

The damage d2 created by these n2 cycles at level a2 could be generated by nt

cycles at level CTI? nj" being such that

i.e., whatever x, for
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If it is supposed that the block made up of these DJ and n2 cycles of stress of
amplitudes respectively equal to G{ and a2 is repeated p times until failure, one will
have at this time carried out nlR cycles at level <TJ and n2R cycles at level a2 (i.e.

njR equivalent cycles), yielding

If we set

this relationship can be also written

i.e.

while setting

NR = nlR + n2R = p ( n l + n2)



The method can be extended to the study of a loading made up of an arbitrary
number of levels. Calculation is facilitated if one uses an analytical form of the
damage curves.

Method of equivalent stresses

Instead of considering a number of cycles equivalent to the single level a1? one
calculates the partial damage created by each sequence [BAH 78] [GRE 81]; with
the same notations, one has, to failure:
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and

Miner's theory is a particular case of this method, with linear damage curves. On
this assumption, the two approaches (equivalent cycles and equivalent stresses) lead
to the same results.

Modified Miner's rule thus envisages a fatigue life longer than the rule of origin,
nearer consequently to the experiment when c^ < a2 (first stress level lower than
the second). The improvement is however only partial, since it does not bring
anything when QJ > a2. The modified Miner's rule is also independent of the level
of stress and without interaction.

yielding
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4.5. Henry's method

D.L. Henry (1955) [HEN 55] supposes that:

-the S-N curve of a steel specimen can be described by a relation of a
hyperbolic type of the form

N(a-a D ) = C [4.26]

where C is a constant and CJD is the fatigue limit stress of material,

- the two parameters C and CTD are modified as the fatigue damage accumulates.
The endurance to fatigue decreases and C varies proportionately to aD.

The author thinks that the relation [4.26] is correct so long as a remains lower
than 1.5 CTD. One of the interests of this representation is related to the introduction
of a fatigue limit. With these assumptions, D.L. Henry shows that the damage D
stored by a test bar, defined here like the relative variation of the fatigue limit

is written

or, if we set y stress ratio and P

It is noted that for CT'D = 0, we have D = 1 and that, when a -> aD, y —> 0 and
D-»0 .
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4.6. Modified Henry's method

The relation of Henry was modified by addition of a term D [EST 62] [INV
60]:

where Dc is critical fatigue damage (damage at which the part breaks completely),
in order to take into account the application of a load which exceeds the residual
resistance of the item to the test. Calculations of fatigue life are carried out
according to same process as that used with method EFD [EST 62]. The increments

Figure 4.6. Accumulation of damage according to Henry's hypothesis

The curve D((3) plotted for several values of y shows that, when y increases (i.e.
for the strong values of the stress), the law tends to becoming linear.

For a given (3 ratio, the damage is larger since CT is higher.

This theory thus supposes that fatigue damage is a function of applied stress
level and of the order of application of the stresses (law dependent on the level of the
stresses and with interaction).
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n D
— are added along the curve of damage; the failure takes place when — = 1. This
N Dc

method requires the knowledge of an additional parameter, Dc.

Henry's rule and this modified rule have a limited use, the materials having in
general a badly definite fatigue limit stress (aluminium and light alloys in
particular).

4.7. H. Corten and T. Dolan's method

These authors propose a non-linear theory of cumulative damage, based on the
number m of nuclei likely to be damaged and on the velocity r of propagation of the
cracks [COR 56] [COR 59] [DOL 49] [DOL 57] [HIL 70] [LIU 59] [LIU 60]. The
accumulated damage on the stress level i is written:

It is about a law depending on the stress level, with interaction. The effects of
interaction are included in the concept of propagation of cracks. In a test, the cycle
of maximum load is decisive for the initial damage since it determines the number of
points where cracks will be formed. Once this number is established, one supposes
that the propagation is carried out according to a cumulative process without
interaction.

With the following notations:

cCj= percentage of cycles carried out at level aa.

d = constant
GJ= maximum amplitude of the sinusoidal stress, for a fatigue life N,
N = total number of cycles of the test program,

o

where:

aj is an experimentally determined constant,
m and r are constants for a given stress level.

Damage to failure occurs for D = 1. It is expressed as a function of the number
of cycles according to
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we have

This relationship, comparable with that of A.M. Freudenthal and R.A. Heller,
can be reduced to that of Miner by using a modified fatigue curve which, on log a,
log N scales, intersects the y-axis at CTJ and has a negative slope equal to 1/d. The
equation of this curve is then

where N' is the fatigue life given by this modified curve. From [4.33], ctj can be
substituted in [4.35], by taking account of [4.37], to calculate c^ and c^:

yielding

or

where



B.M. Hillberry [HIL 70] shows that the Corten-Dolan theory, like that of
Palmgren-Miner, over-estimates the fatigue lives under random stress (by a factor
varying from 1.5 to 5 for Miner and 2.5 approximately for Corten-Dolan).

This result is compatible with those of other authors. It can be explained by
noticing that, according to these two theories, for random loads, the damage
accumulate under a certain weighted average stress and that this same stress
produces the failure. With such a load, however, the failure can take place earlier
under one of the largest peaks present in a statistical way. This point of view
[NEL 77] is confirmed by the test results carried out by Gerks.

4.8. Other theories

Taking into account their relatively significant number, we will limit ourselves
within the framework of this book to quote the authors of these theories and to give
the references of the papers in which they are developed. This list does not claim to
be exhaustive, from the point of view of methods as well as references.

NOTE.- Among all the models suggested, of -which we will quote only a small
number, little have found practical application. Miner's rule, with its imperfections,
remains simplest, most general and the most used by far [BLA 78], and often
sufficiently accurate. The other rules in general use several constants whose value is
difficult to find and which complicate the analysis in a way not justified by the
result. One can find, for example in the references [FA T 62] [FUL 61] [RIC 65b],
comparisons of these various methods.

yielding
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Table 4.2. Other theories of fatigue damage accumulation

Theory

Miner modified by E. Haibach

S.M. Marco and W.L. Starkey

F.R. Shanley

B.F. Langer

J. Kommers

F.E. Richart and N.M. Newmark

E.S. Machlin

B. Lunberg

A.K. Head and F.H. Hooke

J.C. Levy

A.M. Freudenthal and R.A. Heller

C.R. Smith

H. Grover

A.L. Eshleman, J.D. Van Dyke
and P.M. Belcher

E. Parzen

R.R. Gatts

S.R. Valluri

E. Poppleton

Method of equivalent fatigue
damage (EFD Method)

S.V. Serensen

R.W. Lardner

Z.W. Birnbaum and S.C. Saunders

A. Esin

Date

1970

1954

1952/1953

1937

1945

1948

1949

1955

1956

1957

1956-1958-
1959 - 1960

1958-1964

1959

1959

1959

1961 - 1962

1961 -1963-
1964

1962

1962

1964

1966

1968-1969

1968

References

[HAI 70] [STR 73]

[MAR 54]

[MAS 66b] [SHA 52]

[LAN 37]

[KOM 45]

[COR 59][RIC 48]

[MAC 49]

[LUN 55]

[HEA 56]

[LEV 57]

[FRE 55] [FRE 56]
[FRE 58] [FRE 60]

[FRE 61]

[SMI 58] [SMI 64b]

[GRO 59] [GRO 60]

[ESH 59]

[PAR 59]

[GAT61][GAT62a]
[GAT 62b]

[VAL61a][VAL61b]
[VAL 63] [VAL 64]

[POP 62]

[EST 62]

[SER 64]

[LAR 66]

[BIR 68] [BIR 69a]
[BIR 69b]

[ESI 68]
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G. Filipino, H.T. Topper and
H.H.E. Leipholz

F. Kozin and A.L. Sweet

K.J. Marsh

R.A. Heller and A.S. Heller

S. Manson, J. Freche and C. Ensign

A. Sorensen

J.L. Caboche

J. Dubuc, T. Bui-Quoc, A. Bazergui
and A. Biron

Z. Hashin and A. Rotom

S. Tanaka and S. Akita

J.L. Bogdanoff

P.H. Wirsching

1976

1964 - 1968

1965

1965

1967

1968

1974

1971 - 1982

1977

1975 - 1980

1978 to 1981

1979

[PHI 76]

[ESI 68] [KOZ 68]

[MAR 65]

[HEL 65]

[MAN 67]

[SOR 68]

[CHA 74]

[BUI 71] [BUI 82]
[DUB 71]

[HAS 77]

[TAN 75] [TAN 80]

[BOG 78a] [BOG 78b]
[BOG 78c] [BOG 80]

[BOG 81]

[WIR 79] [83b]
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Chapter 5

Counting methods for analysing
random time history

5.1. General

Counting methods were initially developed for the study of fatigue damage
generated in aeronautical structures. The signal measured, in general a random stress
O(t), is not always made up of a peak alone between two passages by zero. On the
contrary, several peaks often appear, which makes difficult the determination of the
number of cycles absorbed by the structure.

Figure 5.1. Random stress

The counting of peaks makes it possible to constitute a histogram of the peaks of
the signal (number of events counted on the abscissa whose amplitude is shown on
the ordinate) which can then be transformed into a stress spectrum (cumulative
frequency distribution) giving the number of events (on abscissae) for lower than a
given stress value (on ordinates), i.e. the number of peaks lower than a given
threshold level versus the value of this threshold. The stress spectrum is thus a



136 Fatigue damage

representation of the statistical distribution of the characteristic amplitudes of the
signal as function of time [SCH 72a]; it is used in two applications:

- to carry out estimated fatigue life calculations on the parts subjected to stresses
measured,

- to transform a complex random stress into a simpler test specification, made up
for example of several blocks of sinusoidal vibrations of constant amplitude. Several
test strategies are possible, such as the realization of sinusoidal cycles with constant
amplitude in random sequence or the application of individual cycles in randomized
sequence. The tests are carried out on material test bars with a control in force.

The importance of this analysis of the signal in these studies and its difficulty is
easily understood, which explains the significant number of methods suggested.

The analysed signal is a stress varying with time. Within the framework of this
work, these same methods can be used to establish a peak histogram of the relative
response displacement z(t) of the mass of a system with one-degree-of-freedom
subjected to a vibration and to calculate the fatigue damage which results from it
(the stress being supposed proportional to this relative displacement).

All the methods assume that the result of counting always includes an
assumption of damage, which postulates that the same fatigue life is obtained with
the original signal and the signal reconstituted from counting, or at least that starting
from the two signals, there exists a constant ratio of the fatigue lives for all the
possible material combinations, stress concentrations, stress ratio, treatment of
surfaces etc.

Beyond this, it is certain that the evaluation of a result of counting is also much
related the procedure of a specific test or to a theoretical method of fatigue life
prediction (modification in the order of application of the stress levels can for
example change the fatigue life) [BUX 73].

The evaluation of the fatigue damage is thus carried out in three steps:
- counting of the cycles,
- choice of a relation cycle - generated damage,

- summation of the damage generated by each cycle.

Various methods of counting were proposed, leading to different results and
thus, for some, to errors in the calculation of the fatigue lives:
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1. Peak count

2. Range-restricted peak count
3. Level-restricted peak count
4. Mean-crossing peak count

5. Range count
6. Range-mean count
7. Range-pair count

8. Ordered overall range method

9. Racetrack method

10. Level crossing count
11. Modified Level crossing count
12. Peak valley pair (PVP) counting
13. Fatiguemeter count
14. Rainflow count
15. NRL counting
16. Time spent at a given count level

Schematically, these counting methods can be classified in two principal
categories [WAT 76]:

- methods in which a counting of a signal characteristic not necessarily
connected in a simple way to damage accumulation is carried out (peaks, level
crossings etc),

- methods using the stress or deformation ranges (range counting, range-mean
counting, range-pair counting, rainflow). They in general are preferred, for they are
stated in parameters more directly connected to the fatigue damage.

We will see that two among them, the range-mean counting and the rainflow
counting, have the additional advantage of taking into account the mean stress level
(or deformation) for each range.

In all these methods, it is necessary to be able to eliminate the small variations.
This correction, initially intended to remove the background noise of the measuring
equipment, also aims at the transformation of long duration signals into signals
easier to use [CON 78]. This simplification results in defining a threshold value in
on the side which the peaks or ranges are not counted.

As an example, let us consider the signal sample O(t) in Figure 5.2. The signal
has peaks A, B, ..., F from which ranges can be defined: AB, BC, CD, ..., EF, with
amplitudes respectively equal to r1, r2, r3, r4, r5 and with means m1, ..., m5.
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A O(t)

Figure 5.2. Elimination of small variation ranges

The small variations such as CD can be neglected by imposing a threshold for
counting. In this case, the ranges BC, CD, and DE are replaced by the single range
BE(r'2).

Taking into account the expression for the fatigue damage, in which the peak
amplitude intervenes to the power b, if the linear part of the S-N curve is represented
by the Basquin's relation:

N ab = Const.

it is seen easily that the total damage is much smaller when it is calculated by taking
account of the small variations than when they are removed:

(independently of the mean stress), would be this only because the small variations
can be for certain below the fatigue limit and thus be neglected [DOW 72]
[WAT 76].

A reduction of the counting threshold, which results in considering more ranges
of small amplitude, can thus lead to a weaker expected damage and vice versa. This
phenomenon is not systematic and can be negligible depending on the shape of the
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signal (for example when the small cycles are dominating). P. Watson and
B.J. Dabell [WAT 76] observe that, to guard against this problem, a solution can
consist in successively calculating the damage with several thresholds and to retain
only the greatest value. The effect of omission of small variations has been studied
by several authors [CON 78] [KID 77] [POT 73]. It appears often that the cycles of
loads below the fatigue limit can in general be ignored if the load peak levels of the
remainder of the curve versus time (e(t) or O(t)) are not too large.

A study by A. Conle and H.T. Topper [CON 78] shows that, even with the
rainflow method, the damage actually omitted with a signal without small variations
is much larger than that predicted. When the signal has very high levels (load or
deformation), it is necessary to be very careful during the elimination of the smallest
variations. J.M. Potter [POT 73] observes in experiments that the suppression of the
levels which, according to a conventional analysis of fatigue damage do not give any
damage, leads (in experiments) to an increase in the fatigue life.

We will describe in the following paragraphs the methods quoted.

5.2. Peak count method

5.2.1. Presentation of method

This method is undoubtedly the simplest and oldest. The values considered as
significant here are the maxima and the minima, which are observed over the
duration T of the signal [BUX 66] [DEJ 70] [NEL 78] [RAV 70] [SCH 63]
[SCH 72a] [STR 73].

A peak located above the mean is regarded as positive; below, it is negative. The
ordinate axis can be divided so as to define classes and to build a histogram.

Figure 5.3. Stress time history peaks
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One can choose to count only the peaks above a certain threshold value (in
absolute value) or to decide that small stress variations lower than a given value are
negligible, these small variations being defined like the variation between a
maximum and a minimum (or the reverse). Figure 5.3 for example, the peaks
marked by the symbol I I are not counted [HAA 62].

The results can be expressed either in the form of the maximum (or minimum)
number:

- having a given amplitude,

- or located above a given threshold, this threshold being variable to cover all the
range of the amplitudes,

- or by curves giving the peak occurrence frequency versus their amplitude.

The curves giving the maxima and the minima are in general symmetrical (but
not necessarily). It is the case for a Gaussian process [RAV 70].

Occurrence frequency
j i

Minima Maxima

Amplitude

Figure 5.4. Occurrence frequency of maxima and minima

With this method, any information on the sequence of load, on the order of
appearance of the peaks is completely lost [VAN 71].

After counting, it is not possible to know if a counted peak is associated with
small or with great load variation. The interpretation of the load spectrum made up
with this method can thus be disturbed by small load variations.

Counting being finished, a signal is reconstituted from this peak histogram by
associating a positive peak with a negative peak of the same amplitude to constitute
a complete cycle [HAA 62]. Consequently, it can been seen that the real total length
of the excursion of the signal is in general less than that obtained by reconstituting
the signal from the histogram.
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Figure 5.5. Peaks counted as complete half-cycles

The reconstituted signal is thus more severe than the real signal [WEB 66]. So
this method of counting is often named total peak count as opposed to the net peak
count method in which the peaks are defined as the algebraic sum of the extrema,
the valleys (minima) being counted negatively. The lengths of excursions tend in
this case to be equal.

Another way of counting the extrema can consist in retaining only the positive
maxima and the negative minima. An alternative to this process is frequently used
for the study of the vibrations measured during fighter aircraft operations [LEY 63].
The sorting of the extrema can be carried out from the results of the above method.

The peaks count method is also sometimes named simple peak count method
[GOO 73] as opposed to the peak count method in which the extrema between two
passages by the mean value are taken (further described). Each peak is noted. It is
the least restrictive of all the methods. It can be used as means of characterization of
the signal, by comparing the extrema distribution with a given distribution
(Rayleigh's law for example).

5.2.2. Derived methods

The present maxima in each class of amplitude are counted (Figure 5.6). The
reconstituted signal does not account for the peak order nor of the frequency. The
small strain variations are amplified. To reduce the influence of it, a secondary
condition can be introduced, intended to neglect the extrema which are associated
with a load variation lower than a given value (hatched zone / / / / in Figure 5.6).

Peaks such as A and B in Figure 5.5 for example are treated both as starting from
zero and returning to zero.
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Another possibility is to count the minimal values in addition to the maximal
values, but that led to a very great number of combinations to reconstitute the signal
and it is not a suitable method [WEB 66].

It is also sometimes chosen to count only the maxima above a specified level (or
minima below this level). This modification does not improve the validity of the
results.

Figure 5.6. Omission of small variations below a given threshold

O. Buxbaum [BUX 66] suggests neglecting all the signal variations lower than
5% of the maximum value, which do not have any influence on the fatigue life. F.E.
Kiddle and J. Darts [KID 77] observed that, on a specimen with bolted connection,
the progressive omission of the peaks of small amplitudes above the fatigue limit
does not have an appreciable effect on the mean endurance. This effect is
independent of the maximum load present in the spectrum. The endurance of this
same specimen is on the other hand sensitive to the greatest loads.

5.2.3. Range-restricted peak count method

The objective is here to count only the most significant peaks associated with the
greatest load variations [MOR 67] [WEL 65]. Counts are limited to the peaks
beyond mean thresholds (for example, if it is an acceleration, the minima which are
below 0 g and the maxima above 2 g) and which are at the same time preceded and
followed by a minimal variation of the amplitude (1 g for example) or which some
exceed a given percentage of the incremental peak value (for example 50%) (the
largest of the two results is chosen).

Here the incremental peak value is defined as the difference between the peak
value and the mean load level [GOO 73] [MOR 67] [WEL 65].
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Figure 5.7. Counting of ranges higher than a given value

In Figure 5.7 for example, the ranges R1 and R2 are higher than the threshold
R0 - 1 g or 50% of AL. The intermediate fluctuations are neglected with this
method, as well as some fluctuations which are not really of no importance.
However, countings relating to largest maxima and the smallest minima assume
more importance.

5.2.4. Level-restricted peak count method

After having defined classes, the procedure is as follows:

- a maximum (primary peak) is accepted only if the signal goes again below a
larger value than a specified threshold [VAN 71] [WEL 65] (all crossings prior to
this primary level being forgotten),

- the value attributed to the peak is that of the threshold crossed just before the
peak.



144 Fatigue damage

Figure 5.8. Elimination of peaks not followed by sufficient amplitude variation

Figure 5.9. Counting of all threshold crossings (fatiguemeter method)

For example, peak A (Figure 5.8) is counted, because the signal crosses
threshold 2' after having crossed the larger threshold level 2 before passing through
the maximum value at A. This method uses the same type of threshold specification
as the fatiguemeter method. Only the peaks which are preceded and followed by the
necessary threshold are considered [GOO 73]. But in contrast to the fatiguemeter
method, all the other passages across the threshold below 2 are not considered. As
an example, for the same signal, the fatiguemeter method would lead to the result in
Figure 5.9.
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5.3. Peak between mean-crossing count method

This method may be called mean-crossing peak count method or maximum peaks
between zero crossing, or peak-count method [GOO 73] [SEW 72] (the last being an
ambiguous with the above method).

5.3.1. Presentation of method

Figure 5.10. Counting of largest peaks between two passages through mean value

Only the largest maximum or minimum between two passages through average
value is counted, which is equivalent to completely neglecting the stress variations
between two passages through zero, even if they are important [SCH 72a]
[WEB 66]. The signal is thus reduced to only one peak between two passages
through zero. With an identical signal, the number of peaks counted is therefore
smaller than with the first method [BUX 66] [HAA 62] [STR 73] [VAN 71] and the
total duration of the reconstituted signal from this histogram of peaks is shorter than
that of the initial real signal.

°±

Figure 5.11. Suppression of all small variations not crossing mean
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The values of this count can be deduced from the results of the first method (with
elimination of approximately 25% of the initially counted peaks) [LEY 63]
[RAV 70]. This method is similar to that sometimes used to count the turbulence
loads observed by transport aircraft [DEJ 70].

This type of counting can lead to incorrect results. If the signals in Figure 5.12
are considered for example, the same count is obtained in both cases whereas signal
(b) is certainly more severe than (a).

( a ) t ' ( b ) t

Figure 5.12. Example of two different signals leading to the same counting result

All the secondary variations of the load between two zeros and the maximum
level are ignored by assumption. Some of these secondary load variations can
however be very significant with respect to their contribution to the total fatigue
damage by [SEW 72].

NOTE. - A specific measuring instrument — the VGH-Recorder (N.A.C.A.) — has
been developed to carry out these counts [WAL 58] [WEB 66].

It is equivalent to count the number of up-crossings through the mean value of
the signal, which allows, for narrow band signals, calculation of the mean frequency
of the signal (the narrow band signals have the same number of zero threshold
crossings and of peaks. It is thus preferable to use this method only in this case).

If the distribution of the instantaneous values of the signal is, in addition,
Gaussian, this measurement of the mean frequency gives access to the peak
distribution or to the curve of level crossings. It is shown indeed that in this case, the
number of crossings of a level a with a positive slope is given by

(Volume 3, eq [5.60]):
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with

5.3.2. Elimination of small variations

Figure 5.13. Elimination of small variations around the mean

Two mean threshold levels of reference are fixed, one positive, the other
negative. One retains the largest maximum between two arbitrary successive
crossings of the higher threshold and the smallest minimum between two crossings
of the lower threshold (Figure 5.13) [DON 67]. With this modification, the peaks
associated with small variations around the static value are neglected. In addition,
smaller maxima are neglected and smaller minima will be neglected.

T = signal duration,

mean frequency.
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5.4. Range count method

Or amplitudes regardless of mean.

5.4.1. Presentation of method

The range is defined as the difference between two extreme values of the stress
(or the deformation) with a sign according to direction of the transition (minimum
-> maximum: +, maximum —» minimum: -) [BUX 66] [DEJ 70] [GRE 81]
[NEL 78] [RAV 70] [SCH 63] [SCH 72a] [STR 73] [VAN 71] [WEB 66].

Figure 5.14. Range counting

As opposed to the above methods, we obtain here information on the real
variations of the stress, on the sequence (but not on the maximum amplitude)
[LEY 63] [WEB 66]. All the ranges counted are considered as symmetrical with
respect to the zero axis [HAA 62]. The damage is then calculated from these ranges
by considering them as half-cycles of sinusoidal stress using a S-N curve or its
representation (Basquin for example), and with a accumulation rule (Miner, ...), by
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considering (or not) the effect of the mean stress of each half-cycle (Goodman,
Gerber etc [STA 57]).

Several methods were proposed to take into account the effect of non zero mean
stress. For example, curves stress / number of cycles to the rupture are given, where

Aa / 2
the y-axis carries, instead of a or Aa, the quantity [SMI 42] or

1-°m / Rm

l - ° m / R f

Aa = Stress range
am = Mean stress

Rm = Ultimate tensile strength

Rf = True ultimate tensile strength (load to the fracture divided by the
minimal cross-section after fracture)

The calculation of damage by this process is relatively easy when the signal is
periodic, the counting of the ranges being carried out over one period. If the signal is
random, calculations are more difficult and it can be worthwhile to consider the
statistical properties of the signal. For a Gaussian signal for example, it can be
shown that the mean value Aam of the ranges Aa is equal to:

[5.3]

Orms = rms value of the stress a
CTrms = rms value of the first derivative of a

Aam - fin ams r [5.4]

r = irregularity factor

n0 = number of zero crossings (centered signal) per unit time

np = number of extrema per unit time.
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5.4.2. Elimination of small variations

The method makes it not possible to take into account the stress variations lower
than a given threshold and considered as not very important for the fatigue process.
J.B. de Jonge [DEJ 70] note that this method presents a serious disadvantage.

Being given the signal of Figure 5.15, three ranges can be counted:

and

Figure 5.15. Elimination of small variations

If in consequence of an unspecified filtering, the small variations such as a2—03

are removed, counting will give only o4-a1 instead of the first three already
quoted ranges. The result of counting depends much on the amplitude of the small
load variation considered. In addition, there is always the possibility of not being
able to pair the positive and negative ranges if both are counted.

Figure 5.16. Example of range counting
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The range counting method detects variations which actually take place, but
neglects the variations of the mean load. By centring all the ranges on the zero
value, it tends without reason to support the number of the smallest loads in the
spectrum [RAV 70] [SCH 63]. A characterization of the endurance to fatigue
requires knowledge of the range and its mean value (or the maximum and minimum
values) [WEB 66].

NOTE. — In the case of a Gaussian process, the plotting of the load spectrum can be
carried out, rather than by counting, from an approximation of the distribution law
of the ranges (increasing or decreasing direction). The exact determination of this
distribution in a continuous random process is very difficult [RIC 65a]. There are
however techniques making it possible to obtain an approximate relation, among
which are those of:

- H.P. Schjelderup and A.E. Galef [SCH 61a], which treat the particular case of
Gaussian processes of which the PSD is made up of narrow peaks of very remote
frequencies;

-J. Kowaleski [KOW 61a], which gives a distribution law for a Gaussian
process, without demonstration (but this law was considered to be incorrect by
J.R. Rice, F.P. Beer and P.C. Paris [RIC 65a]);

— J.R. Rice and F.P. Beer [RIC 64] [RIC 65a], which proposes a relation calling
upon the autocorrelation function of the signal and its first four derivatives.

5.5. Range-mean count method

Or range-mean pair count method, or means and amplitudes.

5.5.1. Presentation of method

This method was proposed in 1939 by A. Teichmann [TEI 41]. A gap in the
range counting method, the absence of measurement of the mean value of the signal,
is eliminated here. The ranges are counted as with the above method and the mean
value of the range is noted complementary to Aa [BUX 66] [FAT 77a] [NEL 78]
[RAV 70] [SCH 63] [VAN 71].
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Table 5.1. Example of statement of ranges and means

AB

BC

CD

OF

EF

FG

i

1

2

3

4

5

6

Ad;

8

-3.5

5.5

-7

6

-10.5

CTmi

1

3.25

4.25

3.25

3

0.75

Figure 5.17. Counting of ranges and means

Figure 5.18. Example of range and mean counting
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Some authors prefer to consider Aa1 / 2. These values make it possible to
constitute a histogram with two dimensions (for each mean corresponds to a list of
ranges) [STR 73]. The information collected being rich, the results of some of the
other methods can result from the results of this one [WEB 66]: the range counting
method is a particular case of the range-mean count method. In the same way, the
results of this counting can be transformed to find those of the peaks counting
method or the level-crossing count method.

The mean is defined as the algebraic half-sum of two successive extrema:

The amplitude is the algebraic half-difference between these extrema.

Figure 5.19. Example of presentation of results of a cow

The results can be presented in the shape of curves giving, for a given mean
ami, the occurrence frequency versus the range amplitude (or the half-amplitude).'mi
The distributions thus obtained have the same form whatever the mean a m i -

This method is generally regarded as most significant in fatigue [LEY 63]. It
takes into account the assumption that the fatigue behaviour is mainly a function of
the amplitude of the stresses around the mean value [GRE 81] [RAV 70].

The reason for the non-utilization of this method is two-fold [HAA 62]:

-the instrumentation necessary is complicated. An equipment however was
developed for this use (strain analyser); Verhagen and De Docs [VER 56]
[WEB 66]),

- reproduction of the loads counted is not easy.
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5.5.2. Elimination of small variations

As with the above method, the suppression of small variations of a is not simple,
since it results in modifying the preceding and following ranges. It is the weak point
of these methods, sensitive to the smallest range neglected [WEB 66]. Elimination is
carried out by removing all the variations of less than a given value. On the curve
where these small variations take place, the mean and the interval between the peaks
are calculated immediately before and after these small fluctuations.

Figure 5.20. Elimination of small variations

Range amplitude

Figure 5.21. Frequency of event after elimination of small variations

In general, this treatment especially results in removing the small variations
close to the mean, which have little effect on fatigue.

From these results, it is possible to carry out a calculation of fatigue damage as
follows [STA 57]. Let us consider, as an example, the signal in Figure 5.22 (a). This
signal can be smoothed to eliminate the small irregularities (Figure 5.22 (b)).
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Figure 5.22 (a) to (d). Decomposition in ranges

The signal is then broken up into 4 ranges AB, BC, CD and DE which are used
to define cycles ABB', BCC etc (Figure 5.22 (c)).

The damage due to the signal (a) will be half of that due to the complete cycles
of (c). The cycles are centred with respect to the zero mean value, by modifying the
amplitudes obeying a rule such as Gerber or modified Goodman (Figure 5.22 (d)).

By translation according to the time axis, a continuous signal is reconstituted
(Figure 5.23) producing a damage double of (a), which can then be evaluated using
Miner's rule (for example).

Figure 5.23. Process of cycle reconstitution
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5.6. Range-pair count method

Or range-pair cycles counting or range-pair excedance count method.

This method, which was the object of several variants [BUR 56] [BUX 66]
[FUC 80] [GRO 60] [JAC 72] [RAV 70] [SCH 63] [SCH 72a] [VAN 71] consists in
counting a stress (or deformation) range as a cycle if it can be paired with a
subsequent stress (or deformation) range of equal amplitude in the opposite
direction.

Figure 5.24. Counting of range-pairs

The ranges are thus counted per pair. A range is defined here as a load variation
starting from an extremum. A counting is carried out if the positive range exceeds a
certain value r and if it is followed by a negative range exceeding the same value r
[STR 73] [TEI 55] [VAN 71]. The intermediate variations (re) are neglected.
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Figure 5.25. Process of counting of ranges by pairs

The procedure of counting is repeated for other values of r.

Figure 5.26. Example of counting of ranges by pairs

The result of counting can be expressed in the form of the number of range pairs
exceeding a given value r. This method counts mainly the greatest fluctuations. The
small fluctuations are regarded as superimposed on the largest. If the pairs of ranges
are counted for |r| > r2, the intermediate positive or negative ranges, for which

r < r2, do not affect the result of counting. They can thus be eliminated.
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This method takes into account the sequence of load and is insensitive to the
amplitude of the smallest load ranges considered (counting thresholds). The small
ranges can thus be counted or neglected at will, without any effect on the large
ranges [DEJ 70] [WEB 66]. The method combines the greatest load increments with
the smallest following decrements, which is important from the damage point of
view.

On the other hand, any information is stored in the mean value of the counted
cycles. The ranges are paired without respect to their occurrence time. Each counted
element is insensitive to the ranges other than those of its own previously chosen
level. All the load excursions are not fully counted.

Figure 5.27. Combination of stress increments

This method can be used in the plastic range by associating the pairs of plastic
deformation ranges with the pairs of stress ranges [KIK 71].

Measuring instrument: Strain Range Counter [TEI 55] [WEB 66].
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Figure 5.28. Association of deformation and stress ranges

NOTES. -

1. N.E. Dowling [DOW 72] proposes to carry out counting according to the
procedure described below, being based on Figure 5.29.

Figure 5.29. Counting according to N.E. Dowling [DOW 72]

Starting from a minimum 1, the signal increases to the largest peak 6, which is
for the moment the only one selected. With this rise 1 - 6 the descent 6 - 1' of the
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same amplitude is associated. When we start from peak n° 2, the signal decreases
according to 2 - 3 and we associate 3 - 2' with this variation, etc.

The result is close to that of the rainflow counting method (paragraph 5.12).

2. O. Buxbaum [BLJX 66] (or T.J. Ravishankar [RA V 70]) define classes of range
ri, r1 being the smallest amplitude chosen for the counting, the lower values being
neglected.

Figure 5.30. Counting according to O. Buxbaum [BUX 66]

Starting from minimum 1, we will have a range each time the signal crosses a
limit of class with positive slope. The range is closed when a negative variation of
the same amplitude is crossed. For example, we open range AA' in A, BB' in B, CC'
in C and we close these same ranges in A', B' and C'...

These cuttings per pair of ranges are however artificial and, if the stresses are in
the plastic range, can lead to an inaccurate description of the stress-strain cycles,
i. e. to an error in the calculated damage [WAT 76].

5.7. Hayes counting method

This concerns a similar method to that of the rainflow, but easier to visualize
[FUC 77] [FUC 80] [NEL 78]. One starts here by counting the cycles of smaller
amplitude, then they are removed from the curve to count the cycles of greater
amplitude. Let us consider as an example the signal in Figure 5.31 (a).
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Figure 5.31. Hayes counting procedure

Hayes first identifies small ranges such as BC and DE, which are interruptions
of a larger range (AF). There is interruption:

- for a peak-valley pair such as BC when the following peak, D, is higher than
the peak B;

- for a valley-peak pair, such as GH, when the next valley, I, is of smaller
amplitude than the valley G.

The hatched surface corresponds to the cycles relating to the ranges thus
selected. In Figure 5.31, 20 alternations (20 peaks) are counted. Among these peaks,
14 are retained to constitute 7 pairs materialized by the hatchings, then eliminated
from the curve (Figure 5.31 (b)). There remain 6 alternations (6 extrema) with 3
peaks and 3 valleys. The two hatched cycles I - L and R - U are counted, then are
removed to obtain the curve in Figure 5.31 (c) in which there remains only the peak
F and the valley M. The result of this counting can be expressed in the shape of a
table of occurrence of the ranges with, possibly, their mean value.
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5.8. Ordered overall range counting method

Or racetrack counting method.

Let us consider, to illustrate the method, the signal in Figure 5.32 (a) which will
be treated to obtain that in Figure 5.32 (c). The elimination of the smallest ranges is
carried out as indicated in Figure 5.32 (b) [FUC 80] [NEL 77].

Figure 5.32. Racetrack counting method
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The method consists of defining a track of width S, limited by barriers which
have the same profile as the signal. One retains as extremum only those for which a
racing driver would have to change direction from top to bottom, as in f and n, or
from bottom to top, as in m and o. The width S of the track determines the number
of alternations which will be counted.

This method was originally named ordered overall range method [FUC 77]
[NEL 78]. Its aim is to condense a long and complex signal into a signal simpler to
use.

The procedure used is based on the assumption that the most significant part of
the signal is the maximum range, i.e. the interval between the largest peak and the
lowest valley.

The distance between the second lowest valley and the second largest peak is the
next most important element, provided that this second range crosses the first
(between the largest peak and the smallest valley) or that it is outside the interval of
time defined by the extreme values of the first range. By continuing the process in
this manner, one can either exhaust the counting of all alternations, or to stop
counting to a selected threshold and to regard all the smaller peaks and valleys as
negligible.

The results can be presented in two ways:

- in the form of a histogram, of a spectrum or a list giving the range amplitudes
and their occurrence frequency. If counting is carried out until exhaustion of the
peaks and valleys, this method leads to the same result as a rainflow type counting
and to a result very close to the range-pair count method . The racetrack method
makes it possible to stop counting before exhaustion of the extrema and to take into
account only a fraction of the ranges. In many cases, that led to the same result as an
exhaustive counting of alternations,

- in the form of a synthesized curve in which the essential peaks and valleys are
the subject of a list with their origin sequence. If the procedure is continued until
exhaustion of all the extrema, one then reproduces the initial curve in all its details.
If counting is limited, small variations of the curve are omitted, but one retains
alternations which produce the greatest ranges.

The condensed curve contains more information than the spectrum. It includes
the sequence of events, which can be important if the deformation produces residual
stresses which remain active when following alternations. This method chooses
initially the greatest ranges and preserves them in a correct temporal sequence. It is
useful to condense curves by preserving only a few events, perhaps 10%, which
produce most of the damage, usually more than 90% [FUC 77]. These condensed
curves make it possible to reduce the duration of calculations and the tests and to
focus the attention on a reduced number of the most significant events.
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5.9. Level-crossing count method

Or simple level-crossing method.

Figure 5.33. Counting of level crossings

One counts here the number of times that the signal crosses a given level ao
with a positive slope, depending on CT0 [BUX 66] [GOO 73] [NEL 78] [RAV 70]
[SCH 63] [SEW 72] [VAN 71].

Figure 5.34. Example of level-crossing counting

The instrument developed for this measurement is the contact extensometer
(Svenson) [SVE 52] [WEB 66]. One can expect that the mean level (zero in general)
is the most often crossed, since the number of crossings of threshold falls when the
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threshold increases. Counts can be carried out with positive slope or negative slope
above and below the mean (the results being the same) [GOO 73].

If the signal has a symmetrical distribution, it is enough to choose a direction and
to count only above the mean [STR 73]. The passages below a certain threshold can
be eliminated. If they are very few, the small load variations can be neglected
without appreciable effect on the number of up-crossings. Very different models of
load can lead to the same counting result [GOO 73]. The insufficiency of the method
can be shown from Figure 5.35 [VAN 71].

Figure 5.35. Different signals having the same number of level crossings

Although very different, the two signals above lead to the same number of
crossings of each level. The small load variations, which are of less importance in
the fatigue process, increase counting. To compensate (at a certain point) for this
source of error, level crossings associated with load variations lower than a given
threshold can be neglected [GOO 73] (see the fatigumeter method). This is
equivalent to defining classes of amplitude CTJ, CTJ + ACT of width ACT such that any
oscillation included inside a class is not counted, by suitable choice of ACT
[BUX 66].

All the small oscillations do not disappear. One continues to take into account
those which cross the limit between two classes.

The neglect of small alternations can however have an influence on the results
[WEB 66].
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Figure 5.36. Elimination of small alternations

The level-crossing counting method can be used to compare the signal
distribution with that of a Gaussian signal [BUX 66] [ORE 81].

This counting is sometimes used to calculate the number of peaks between two
levels, by difference of the up-crossings of these two levels.

Figure 5.37. Example of error in the calculation of the number of peaks
from a level-crossing counting

This step can lead to errors [SCH 63] [SCH 72a] [SVE 52] [VAN 71].

H.A. Leybold and E.C. Naumann [LEY 63] show that in a given interval of
amplitude, the calculation of the number of peaks carried out from the up-crossings
of levels can be false because of a certain compensation of maxima and minima.

An example is given from the signal in Figure 5.37; no peak is detected by
difference of crossings of thresholds 2 and 1 whereas there is actually one. As a
consequence, one notes that the number of peaks calculated in the interval close to
the mean is very weak.
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This method of calculation of the number of the peaks can however be used
provided that the signal is stationary, Gaussian, with narrow band, and that the
threshold is sufficiently large compared with the rms value.

Figure 5.38. Frequency of event of peaks deduced from counting of
crossings of threshold

It is also sometimes used to plot curve occurrence frequency - peak amplitude
[LEY 63].

Modified level-crossing method

Figure 5.39. Level-crossing counting method modified to eliminate small variations
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This method, sometimes used in the car industry, consists of:

- choosing load levels (stress, deformation etc),

- between several consecutive zero-crossings, recording only one counting each
time that a level is exceeded (a level can be exceeded several times between two
passages by zero, but only the first level up-crossing is counted).

Figure 5.40. Example of very different signals leading to the same result from using the
modified level-crossing counting method

This method has it also its limits. It will produce for example same counts for
signals (a) and (b) in Figure 5.40. In this case, (a) is probably much more damaging
than (b). This method is not appropriate to detect the important differences between
such loads.

5.10. Peak valley peak counting method

OrP.y.P. method.

The direct reproduction of the signal (stress or deformation) is not very practical,
because it is too long to be able to expect reliable statistics [HOL 73].

Figure 5.41. Definitions
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The methods related to the use of a stress spectrum in general result in carrying
out, during the fatigue tests of materials on test-bars, blocks of sinusoids not very
representative of reality (fluctuations of amplitudes and of half-cycle durations). The
histograms do not give information on the sequence or on the mean-range
interactions, which have an effect on the fatigue life.

The PVP method takes account of these elements and makes it possible to reduce
the test duration in a notable manner. It consists of:

- to analyse the signal measured and to plot:
- a histogram of the range mean (row),
- a histogram of the ranges,

Figure 5.44. Histogram of the ranges after suppression of events below fatigue limit

- to modify this last histogram by eliminating levels lower than the fatigue limit
and considered this as without effect,

- to reconstitute a signal from the remaining blocks. The method which would
result in considering blocks of sinusoids by respecting the levels and numbers of
cycles is not used, because it is considered non representative here.

Figure 5.42. Histogram of the ranges Figure 5.43. Histogram of the means
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Figure 5.45. Constitution of the peak and valley matrix

Instead, the PVP method uses a matrix such as that in Figure 5.45, including,
according to each axis, classes located by their medium level, with the values of the
peaks on the vertical axis and those of the valleys on the horizontal axis.

Each event is placed in the appropriate cell. This matrix thus makes it possible to
describe the signal using the two parameter range - mean value since diagonal T is
at constant mean, and diagonal '2' is at constant range.

Figure 5.46. Example of matrix Figure 5.47. Diagonals of the matrix [HOL 73]

By using the properties of materials under fatigue, the authors propose a method
of elimination of the levels lower than the fatigue limit, leading to a very important
reduction of time (90% in the given example). The procedure is:
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— to note the fatigue limit of materials used and its ultimate strength

(«D-^X

- to plot the Goodman diagram (with the range on ordinates and the mean on
abscissae), in order to determine the boxes of the matrix which are below aD. This
results in eliminating at the same time values in the histogram of ranges and of
averages,

-to generate a random signal. One starts in general from a valley and one
chooses a valley-peak range in the matrix: 25 and 75 for example (Figure 5.50). One
misses by 1 the number of occurrences indicated in the box.

Figure 5.48. Goodman diagram

It is then necessary to search a range starting from a peak of amplitude 75; this
choice can be carried out in one of hatched boxes in Figure 5.49.

In the example treated, the possible valleys following +75 are -75, -25 and
+25 (five ranges on the whole), the probabilities being thus 1/5, 2/5 and 2 / 5. One
thus chooses the following range taking into account these last values. Let us
suppose that the selected transition is (+75, -25). The following transition will go
towards a peak and will have to be selected in the third column (Figure 5.52). There
are two possibilities, 125 and 75, with the same probability.
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Figure 5.49. Example of matrix

Figure 5.50. Choice of first range Figure 5.51. Constitution of a signal

Figure 5.52. Choice of second range Figure 5.53. Addition of range on
the signal

If 125 is chosen, the next valley will have to be taken in the hatched line, and one
proceeds thus until the table is empty. Towards the end of the signal, it will be
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possible that direct connections are impossible, some boxes being already empty. In
this case, one will connect the arcs continuously.

Frequencies

We saw that the life in fatigue is, to a certain extent, independent of the
frequency. This parameter is thus not taken into account. The authors use rather the
velocity limitations of the actuators to determine the duration of each event.

Figure 5.54. Connections of unjoined arcs

5.11. Fatigue-meter counting method

Or level crossings eliminating small fluctuations or restricted level-crossing count
method or variable reset method.

The fatigumeter was developed especially in aeronautics to measure and record
vertical accelerations in the centre of gravity of aircraft in flight, for fatigue studies
[LAM 73] [MEA 54] [RID 77]. Use of this equipment, such as the VGH recorder
for example, or Fatigue-meter (RAE) [TAY 53], is limited apart from this particular
application [HAA 62]. This material uses a level-crossings counting method with
elimination of the small load variations.

Figure 5.55. Fatigumeter counting
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For that, a count of a level up-crossing above the mean stress is retained only if
the stress is crossed before at least one interval A previously chosen with a positive
slope [GOO 73] [NEL 78] [RAV 70] [SEW 72] [SCH 63] [SCH 72a] [SIR 73]
[TAY 50].

This increment A corresponds to a stress interval below the fatigue limit stress
and thus negligible from the point of view of fatigue [LEY 63]. It is equivalent to
saying that a rearmament threshold is used as when:

— for the levels higher than the mean, counting is started at the time of the
passage of a given level;

- a new passage on this same level gives place to a counting only if, meanwhile,
the signal has descended rather low and crossed at a lower level fixed in advance
with a negative slope before ascending [NEL 78] [RAV 70].

Figure 5.56. Counting with elimination of small variations

Counting is similar for the levels lower than the mean. This method thus
introduces a new parameter, the release threshold, which can vary according to the
level (all the larger since the level is higher) [GRE 81]. It has the advantage of
recording the majority of the secondary load variations of some importance
[SEW 72]. It results in neglect of certain small variations. There is loss of
information on the sequences. But the small variations do not influence counting.
The number of peaks calculated in each class by subtracting the number of up-
crossing of a level i from the number of up-crossings of the following threshold i +1
is not exact, as with the preceding level-crossing count method.
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With this method, very different signals can still lead to the same result
[VAN 71].

Figure 5.57. Example of signals leading to the same number of crossings

This problem is here also related to small variations in stress.

Example of threshold levels [GOO 73]:

Table 5.2. Examples of primary and secondary threshold values

Primary

Secondary

Acceleration levels in g
0.05

0.00

0.10

0.05

0.15

0.05

0.20

0.10

0.25

0.10

0.30

0.15

0.35

0.15

0.40

0.20

0.45

0.20

0.50

0.25

0.55

0.25

It is seen that the higher the primary level, the higher the secondary level (and thus
the threshold).

5.12. Rain flow counting method

Or Pagoda roof method.

5.12.1. Principle of method

This method [DOW 72] [DOW 87] [FAT 93] [FUC 80] [KRE 83] [LIN 87]
[NEL 78] [RYC 87] [SHE 82] [SOC 83] [WIR 77] was initially proposed by

Example
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M. Matsuiski and T. Endo [END 74] [MAT 68] to count the cycles or the half-cycles
of strain - time signals. Counting is carried out on the basis of the stress-strain
behaviour of the material considered [STR 73]. The extracted cycles are in
conformity with those of the tests of constant amplitude from which the predictions
of fatigue life are generally carried out.

Figure 5.58. Stress-strain cycles

This is illustrated in Figure 5.58. In this example, the response e(t) can be
divided into two half-cycles ad and de and into a complete cycle bcb' which can be
considered as an interruption of a larger half-cycle.

Let us imagine, to describe this method and to explain the origin of its name, that
the time axis is vertical and that the signal a(t) represents a series of roofs on which
water falls. The rules of the flow are the following ones:

Figure 5.59. The drop is released from the largest peak



Counting methods for analysing random time history 177

The origin of the signal is placed on the axis at the abscissa of the largest peak of
the signal (this condition is not necessary with certain algorithms derived from this
method) [FUC 80]. Water drops are sequentially released at each extrema. It can be
agreed that the tops of the roofs are on the right of the axis, bottoms of the roofs on
the left.

Figure 5.60. Flow rule of the drop from apeak

If the fall starts from a peak:

a) the drop will stop if it meets an opposing peak larger than that of departure,

b) it will also stop if it meets the path traversed by another drop, previously
determined,

c) the drop can fall on another roof and to continue to slip according to rules a
andb.

NOTE. - A new path cannot start before its predecessor is not finished

If the fall begins from a valley [END 74] [NEL 78]:

d) the fall will stop if the drop meets a valley deeper than that of departure,

e) the fall will stop if it crosses the path of a drop coming from a preceding
valley,

f) the drop can fall on another roof and continue according to rules d and e.

The horizontal length of each rainflow defines a range which can be regarded as
equivalent to a half-cycle of a constant amplitude load.
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Figure 5.61. Drop departure from a valley

Figure 5.62. Flow rule of the drop from a valley

Example

Let us consider the signal in Figure 5.63, the time axis being plotted vertically.

On this Figure, pairs of ranges can be identified which, taken together, are
equivalent to whole cycles:

a) (1 - 8) + (8 - 11): largest cycle of the sequence
b)(2-5) + (5-C) \
c) (6 - 7) + (7 - B) ) cycles of intermediate size

d)(3-4) + (4-A) )
(9-10) + (10-D) I the smallest cycles

The damage can be calculated from these cycles. Intermediate ranges (2 - 5) and
(5 - C) are simply interruptions of a larger range (1 - 8). Small ranges (3 - 4) and
(4 - A) are, in their turn, of the interruptions of the intermediate range (2 - 5), etc.
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Figure 5.63. Example of signal for a rainflow count

This method lends itself with difficulty to an analytical formulation [KRE 83].
Several algorithms were developed to carry out counting (cf. paragraph 5.12.2)
[DOW 82] [DOW 87] [FAT 93] [RIC 74] [SOC 77]. It is currently rather well
established that this method gives the best estimates of fatigue life in the case of
cycles of strain under load of variable amplitude [DOW 72] [FAT 77b].

Another example

Figure 5.64 (a) shows a signal and the part of this signal retained in a first
passage. The left ranges are those of Figure 5.64 (b).

The procedure is still applied to the remaining peaks and there remains then
only the peak of Figure 5.64 (c). The result of this counting gives the half-cycles
(25;-14), (14; 5), (16;-12) and (7; 2).

The rainflow counting gives here the same result as the range-pair count
method, except the small additional half-cycle (7; 2) counted here.
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Figure 5.64. Example of application of the rainflow counting process

Figure 5.65. Rainflow method combined with strain analysis [MAR 65]

The rainflow method is interesting when it is combined with a strain analysis
[FUC 80]. Let us consider for example the case in Figure 5.65. The damage can be
calculated for each cycle as soon as it is identified in the counting procedure.
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Each part of strain time history e(t) is counted only once. The damage created
by a great variation of the strain is not affected by an interruption which produces a
small cycle.

For each cycle of stress, one follows a closed hysteresis loop returning at the
initial point of the beginning of cycle, the preceding curve continuing as if this cycle
had not existed. There is simply addition of the damage. The signal e(t) can thus be
broken up into half-cycles whose terminals are known and which one can calculate
the mean value. These data make it possible to calculate the damage undergone with
an accumulation law [WAT 76].

NOTES. -

1. There are methods very similar to this one (the 'maximum — minimum
procedure', the 'pattern classification procedure') [END 74] which give the same
results.

2. The rainflow method is very similar to the range-pair counting method. If we
consider again the Figure 5.29, the difference between these two methods can be
explained by considering the half-cycle 1 -6. In the case of the range-pair counting,
the half-cycle which is complementary for it is 6 - 7' and the part 1' - 7 is lost. With
the present method, when the range which could constitute the second half-cycle has
an range larger than 6-1' (which is the case here, with 6 - 7), counting 1 - 6 is
suspended (on standby of another later complementary half-cycle) and a new
counting 6—7 is opened.

In addition, the residual half-cycles are preserved here (those which could not be
paired), whereas the range-pair counting method is unaware of them.

5.12.2. Subroutine for rainflow counting

The routine below makes it possible to determine the ranges of a signal to use for
the calculation of the fatigue damage according to this method. The signal must be
first modified in order to start and to finish by the largest peak. The total number of
peaks and valleys must be even and an array of the peaks and valleys (Extrema())
must be made up from the signal thus prepared.

The boundaries of the ranges from the peaks are provided in arrays Peak Max()
and Peak_Min() and those of the ranges resulting from the valleys in Valley_Max ()
and Valley_Min(). These values make it possible to calculate the two types of
ranges Range_Peak( ) and Range_Valley( ), as well as their mean value
Peak_Min(i) + Peak Max(i) , Valley_Min(i) + Valley_Max(i)

and .
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' Procedure RAINFLOW of peaks counting (GFA-BASIC)
'According to D. V. NELSON [NEL 78]
' The procedure uses as input/output data:
' Extremum(Nbr_Extrema%+2)=array giving the list of Nbr_Extrema% extrema
' successive and starting from the largest peak
' At output, we obtain:
' Peak_Max(Nbr_Peaks%) and Peak_Min(Nbr_Peaks%)= limits of the ranges of the
peaks
' Valley_Max(Nbr_Peaks%) and Valley_Min(Nbr_Peaks%)= limits of the valley
ranges
' These values make it possible to calculate the ranges and their mean value.
' Range_Peak(Nbr_Peaks%)= array giving the listed ranges relating to the peaks
'Range_Valley(Nbr_Peaks)= array of the ranges relating to the valleys
i

PROCEDURE rainflow (Nbr_Extrema%,VAR ExtremumQ)
LOCAL i%,n%,Q%,Output&,m%j%,k%
' Separation of peaks and valleys
Nbr_Peaks% = (Nbr_Extrema% + 1) / 2
FOR i% = 1 TO Nbr_Peaks%
Peak(i%) = Extremum(i% * 2 - 1)

NEXT i%
FOR i% = 2 TO Nbr_Peaks%
Valley(i%) = Extremum(i% * 2 - 2)

NEXT i%
' Research of deepest valley
Valley_Min = Valley(2)
FOR i% = 2 TO Nbr_Peaks%
IF Valley(i%) < Valley_Min
Valley_Min = Valley(i%)
ENDIF

NEXT i%
Valley(Nbr_Peaks% + 1) = 1.01 * Valley_Min
' Treatment of valleys
FOR i% = 2 TO Nbr_Peaks% // Initialization of the tables with Peak(l)
L(i%) = Peak(l)
LL(i%) = Peak(l)

NEXT i%
FOR i% = 2 TO Nbr_Peaks%
n% = 0
Q% = i%
Output& = 0
DO // Calculation of the Ranges relating to the Valleys
IF LL(i% + n%) < Peak(i% + n%)
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Range_Valley(i%) - ABS(LL(i% + n%) - Valley(i%)) // Array of the Valleys
Ranges

Valley_Max(i%) = LL(i% + n%) //Array of the Maximum of the Ranges of the
Valleys

Valley_Min(i%) = Valley(i%) // Array of the Minimum of the Ranges of the
Valleys

Output& = 1
ELSE
IF Valley(i% + n% + 1) < Valley(i%)
Range_Valley(i%) - ABS(Peak(Q%) - Valley(i%))
Valley_Max(i%) = Peak(Q%)
Valley_Min(i%) - Valley(i%)
Output& = 1

ELSE
IF Peak(i% + n% + I) < Peak(Q%)
L(i% + n% + 1) = Peak(Q%)
n% - n% + 1
ELSE
L(i% + n% + 1) = Peak(Q%)
Q% - i% + n% + 1
n% = n% + 1
ENDIF

ENDIF
ENDIF

LOOP UNTIL Output& = 1
m% = i% + 1
IF m% < = Q%
FORj% = m%TOQ%
LLG%) = LO'%)

NEXTj%
ENDIF

NEXT i%
' Treatment of peaks
FOR i% - 2 TO Nbr_Peaks% + 1 // Initialization of the arrays with Valley JMin
L(i%) = Valley_Min
LL(i%) = Valley_Min

NEXT i%
FOR i% = 1 TO Nbr_Peaks%
n% - 0
k% - i% + 1
Q% = k%
Output& - 0
DO
IF LL(k% + n%) > Valley(k% + n%)
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Range_Peak(i%) - ABS(Peak(i%) - LL(k% + n%)) //Array of the Ranges of the
Peaks

Peak_Max(i%) = Peak(i%) //Array of the Maximum of the Ranges of the Peaks
Peak_Min(i%) = LL(k% + n%) // Array of the Minimum of the Ranges of the

Peaks
Output& = 1

ELSE
IF Peak(k% + n%) > Peak(i%)
Range_Peak(i%) = ABS(Peak(i%) - Valley(Q%))
Peak_Max(i%) - Peak(i%)
Peak_Min(i%) - Valley(Q%)
Output& = 1

ELSE
IF Valley(k% + n% + 1) > Valley(Q%)
L(k% + n% + 1) = Valley(Q%)
n% = n% + 1
ELSE
L(k% + n% + 1) = Valley(Q%)
Q% = k% + n% + 1
n% = n% + 1
ENDIF
ENDIF

ENDIF
LOOP UNTIL Output& = 1
m%-k% +1
IF m% < = Q%
FORj% = m%TOQ%
LL(j%) = L0%)

NEXTj%
ENDIF

NEXT i%
RETURN

5.13. NRL counting method (National Luchtvaart Laboratorium)

Or range-pair-range count method

This concerns an extension of the range-pair counting method taking into
account information on the mean value and thus making it possible to characterize
the extreme levels correctly [SCH

The procedure of counting is applied in two steps. In the first, all the
intermediate cycles of load are detected and counted by noting the associated mean
values. Each cycle of intermediate load counted is then eliminated from the signal
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varying with time [VAN 71]. The procedure is repeated until the signal does not
present any more cycle of intermediate load. The signal obtained at the end of this
first step is of oscillatory type with narrow band, with cycles of variable amplitude,
each extremum being preceded and being followed by a zero-crossing. In the second
step, the residual load is analysed according to the range-mean count method.

Example

Let us consider the sample of signal in Figure 5.66 (a).

Figure 5.66. Principle of the NRL counting method (step n° 1)

Step n° 1

Four successive peaks i to i + 3 are considered. If xi+1 and xi+2 are in the

interval xi, xi+3, two half-cycles of amplitude —— — and mean —^ —

are counted.

The values xi+1 and x i+2 are then removed from signal (b). The procedure is

repeated for the peaks Xi_2 , Xi_ l Xi and x i+3, and led, after counting and removal
of the range Xi_1, xi to the signal (c) [DEJ 70].
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The repetition of this procedure on all the signal led to a new signal of the form
of that of Figure 5.67 at the end of step n° 1.

Figure 5.67. Signal obtained at end of step n° 1

Step n° 2

Counting according to the range-mean method consist of noting the couples

These countings are added to those of step n° 1.

The total result can be described as the number of cycles (range Aa, mean am)
for each combination of ACT and crm. This representation is not very convenient
because of its two-dimensional character. As fatigue is primarily due to the
amplitude of the load (range) and, with the second order, to the mean, one decides
here to calculate a mean value CTm(Ac) for each value of amplitude ACT and to
preserve the standard deviation of the mean as information on the variations of the
value CTm, i.e.

This description makes it possible to represent the result in a monodimensional
form. For each amplitude of range ACT, one gives [DEJ 70]:
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- the number of cycles,

-the mean value of these cycles am(Aa),

-the standard deviation of the mean sm(Aa).

It is considered that this method gives more significant information from the
fatigue point of view than the other methods described (except for the rainflow, to
which it is close [VAN 71]). It has the same advantages as the range-pair counting
method without having their already quoted disadvantages [SCH 72a].

5.14. Evaluation of time spent at given level

The range of variation of the signal is broken up into sections of small width
ACT,. Being given one of these sections included between the levels a, and G{+\,
one counts the times At; during which the signal remains inside this section. The

sum of these Atj is a fraction of total time T of the signal studied.

Figure 5.68. Time of staying at given level

This fraction is all the larger since the section is broader. To eliminate this
disadvantage, one weights it by the width A<JJ.

The results so obtained make it possible to calculate the probability density.

[5.7]

Very often, this density can be approached by that of a Gaussian law.
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This method, which is based on the time spent in a section ACT, is thus very
dependent on the first derivative of the signal. The result will be very different
according to whether the signal varies quickly or slowly. It represents poorly the
frequency of appearance of the levels. It is a method little used [BUX 66].

5.15. Influence of levels of load below fatigue limit on fatigue life

From a synthesis of much work carried out on alloys 2024-T3 and 7075-T6, T.J.
Ravishankar [RAV 70] showed that the low levels, lower than the fatigue limit,
produce damage while contributing to the propagation of the fissure when this was
started. Their omission thus increases the life time.

5.16. Test acceleration

One can be led by this objective to increase the amplitudes of the sequence. It is
advisable to be careful and to increase only those of the cycles of average size, an
increase in the amplitude of the strongest levels being able to modify the fatigue life
of the test-bar [SCH 74].

Let us consider a signal whose instantaneous values are distributed according to
a Gaussian law and peaks according to Rayleigh's law.

1. The spectrum is maintained linear by increasing the probability uniformly.

Figure 5.69. Reduction of the duration of a test by increasing all the stresses
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The highest load levels occur more frequently while the smallest loads are less
affected. This case is similar to the in situ situation where the segments of the worst
road are traversed with a frequency higher than the normal [BUS 72].

W. Schtitz [SCH 72b] considers that if a test must be accelerated, that should not
be carried out by increasing the stresses, but rather by neglecting the stresses of low
amplitude.

So that a test is representative, it is necessary to simulate the real stresses as
accurately as possible with respect to the sequences and the amplitudes.

The reduction of the duration of a test by increasing the frequency (central
frequency of the narrow band noise) does not have a great beneficial effect, for there
is an accompanying increase in the fatigue life of the material [KEN 82].

2. Another method can consist in neglecting the low levels [SCH 74] (loads
lower than a certain percentage of the static ultimate load, 2% for example).

J.D. Tedford, A.M. Carse and B. Grassland [TED 73] note that the levels of
stress lower than 1.75 times the rms stress do not have any significant effect on the
fatigue damage. Their elimination makes it possible to reduce the duration of test
considerably (it is to be noted that M.N. Kenefeck [KEN 82] gives as a limit 2.5
times the rms value). It is on the other hand important to have a good knowledge of
the highest levels of the environment since they produce the damage.

Figure 5.70. Reduction of duration of a test by elimination of the lowest stresses
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The method consists in distorting the low part of the load spectrum by
considering that the low levels do not contribute to fatigue. This is equivalent to
considering that the vehicle does not run on the best parts of the road.

NOTE. - A combination of the two methods (rotation of the spectrum and
suppression of the low levels) is possible and is analogous to bumping along roads
where potholes and paving stones are present [BUS 72].

Figure 5.71. Reduction of duration of a test by suppression of the lowest stresses and by
increase in other stresses

Although one can think a priori that such a suppression has little consequence,
this step must however be applied with prudence [NAU 64].

A synthesis of various publications shows indeed that the low levels, lower than
the fatigue limit, contribute to the damage. Their omission increases the fatigue life.
They take part in the propagation of the fissure (dominating phenomenon under
random loading) when this is started [JAC 66] [RAV 70].

5.17. Presentation of fatigue curves determined by random vibration tests

The S-N curves plotted for sinusoidal loads give the number N of cycles to
rupture (on the abscissae) against amplitude of the stress a (on the ordinates). If the
load is a random vibration, the load amplitude is not constant any more and the most
significant parameter (for constant PSD shape) is the rms value [BOO 70]
[BOO 76] [KEN 82] [PER 74], for a given value of the mean stress.



Counting methods for analysing random time history 191

The number of cycles is in general badly defined (except for the narrow band
noises for which there is one peak between two through-zero passages). Two
possibilities exist and are used:

- the number of passages through zero with positive slope [BOO 66] [BOO 70]
[BOO 76] [KEN 82] [RAV 70], when this parameter is representative of the number
of cycles (r close to 1),

- the number of peaks above the mean value (if the signal has symmetrical
positive and negative distributions) [BOO 66] [HIL 70] [PER 74] [RAV 70]. This
number of peaks can be evaluated either from the counting methods, or from a
statistical calculation using its PSD if the signal is Gaussian.

In the case of a sinusoidal signal, these two definitions are equivalent.

One notes in these tests that, contrary to the case of a sinusoidal load, a fatigue
limit is not observed for steels. This result is explained easily since, for a given rms
value, there is, in the signal, peaks of amplitude equal to several times this rms
value. According to the characteristics of the test control system, the peak factor
(ratio of the largest peak to the rms value) can be about 4 to 4.5.

The comparison of the results obtained under sinusoidal and random loads can
thus be carried out only by modifying the representation of the curves plotted in
sinusoidal mode on the stress axis. Several representations exist, among which [PER
74]:

- instead of aa (amplitude of the sinusoidal alternating stress), one uses

(am= mean stress),

- one uses —^ [RUD 75] in sine and arms calculated on the centered signal, the
V2

two values for am being given (the most usual method).

[5.8]
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Chapter 6

Damage by fatigue undergone by a
one-degree-of-freedom mechanical system

6.1. Introduction

We propose in this Chapter to consider the damage by fatigue created by a
random vibration on a one-degree-of-freedom linear system, of natural frequency f0,
quality factor Q, and to thus provide all the relations necessary to the layout of the
fatigue damage spectra (Volume 5). This calculation can be carried out directly from
a sample of the vibratory signal defined in the time domain or in a statistical manner
(mean and standard deviation of the damage) from an acceleration spectral density
of the vibration.

Unless otherwise specified, one will make the following assumptions:

- S-N curve represented by Basquin's relation (of the form N CT = C),

- Linear accumulation law of the fatigue damage (Miner's rule),

- Vibration of zero mean,

- Gaussian distribution of the instantaneous values of the vibratory signal.

We will examine however at the end of this volume some different assumptions:

- S-N curve having an ultimate endurance stress,

- Linear S-N curve in logarithmic-linear scales,

- Truncated signal,

- Damage accumulation law of Corten-Dolan,

- Non zero mean stress,
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— Some other probability distribution laws governing instantaneous values of
excitation.

6.2. Calculation of fatigue damage due to signal versus time

Let us consider a random vibration with zero mean applied to a one-degree-of-
freedom linear mechanical system of natural frequency f0 and damping ratio £. If
the excitation is defined by acceleration x(t) in the time domain, in analog or
numerical form, it is possible to calculate, over duration T corresponding to the
duration of the signal, the response of the one-degree-of-freedom mechanical
system, characterized by the relative displacement z(t) between the mass and its
support.

If the damping ratio £, is sufficiently small, the response is appeared as an
oscillation around the zero average value, passing in general successively through
positive and negative peaks and of which the amplitude varies in a random way. The
frequency of the response is very close to the natural frequency f0 of the system
(narrow band noise).

In this simple case, the response can be broken up into half-cycles which are
classified and counted according to their amplitude (histogram). If the response has
a more complex form, the histogram of the peaks must be established using a peak
counting method such as the rainflow method [LAL 92] (cf. Chapter 5).

The system being linear, the stress created in the elastic element is proportional
to the relative displacement zp corresponding to each extremum of z(t) (z = 0 at

these points):

If the S-N curve of the material can be treated using Basquin's analytical
expression [LAL 92],

where N is the number of cycles to failure of a test bar under sinusoidal stress of
amplitude a and b and C are constants characteristic of material (Chapter 3 gives
some values of the b parameter), we have:



In this relation, Ni is the number of cycles to failure at level ai, ni is the

number of half-cycles counted at this level CTi (what explains factor 2). If one
defined m classes of levels zpi, the generated total damage can be written, according

to the Miner's linear rule of accumulation:

NOTE. - J. W. Miles [MIL 54] shows that, in the case of a structure subjected to
random vibrations, Miner's hypothesis can be regarded as correct for the estimate
of fatigue life. A non-linear hypothesis of damage accumulation leads to an
unimportant variation of the fatigue life when the amplitudes of the stresses are
distributed continuously over a broad range.

Figure 6.1. Representation of the S-N curve

and, for ni half-cycles on the stress level ai,
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The damage undergone by the system during the application of a half-cycle of
stress oi is:



The mean damage D (or expected damage, also noted E(D) in the following
pages) is the sum of the partial damages for all the positive values of a [BRO 68a]
[HIL 70] [LIN 72] (one is not interested in negative maxima, nor the positive
minima):

196 Fatigue damage

6.3. Calculation of fatigue damage due to acceleration spectral density

6.3.1. General case

Let us consider a record x(t) of a random vibration (acceleration) representative
of a stationary ergodic process with mean zero, duration T and PSD G(f). Let us set

q(zp) as the peak probability density of the stress response of the system to this

vibration. The mean number of maxima (positive or negative) is equal to:

and the mean number of peaks (maxima + minima) is equal to 2 Np . The number of

peaks dn of the stress response whose amplitude is included, in absolute value,
between crp and ap + dap is, over duration T,

The amplitude of the stress is supposed to be proportional to relative strain
level z:

The damage by fatigue dD generated by these dn peaks is, according to Miner's
rule[CRA63]:
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NOTES. -

2. The expected fatigue life T is obtained by making D = 1, yielding:

If the S-N curve of the material can be approached using Basquin's relation

N a = C ,it can be written [PER 74]:

[6.15]

Lastly, if the relation between the stress and the strain is linear (a = K zp ), it

becomes

If we set finally

where zrms is the rms value of z(t) and G,^ that of cy(t), we have, knowing that

Q(z)= } q ( z ) d z = Q ( u ) = J" q(u) du t6-18]

1. The mean damage per peak is equal to

and
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or

The calculation of the mean damage D uses the rms value of the relative
displacement zrms (or the rms stress) and an integral. We saw in Chapter 1 how

7rms can be evaluated starting from a PSD defined by straight line segments.

Let us suppose that the distribution of the instantaneous values of the input signal
x(t) (applied to the base of the one dof system) is Gaussian. The response of the

system is then itself Gaussian and the probability density p(zp) of the maxima zp of

the response can be expressed analytically in the form of the sum of a Gaussian
distribution and Rayleigh's distribution (Volume 3, Chapter 6) [LAL 92]:

(r = irregularity factor = n^/n£ , ratio of the expected frequency to the mean

number of maxima per second). This expression can be also written in the form

where

or
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Knowing that CT = K z and that

NOTES. -

1. Depending on the value of r, the response has peaks which follow a Gauss or
Rayleigh distribution or intermediary. In the case of the Rayleigh distribution,
corresponding to a low damping, the response is of narrow band type and resembles
a sinusoid of randomly modulated amplitude. Each positive peak is followed by a
negative peak, itself followed by a positive peak, ...

All the authors agree that, for a given rms stress level and a given expected
frequency, the most severe loading case (one-degree-of-freedom system) is that for
which the peaks of the response have a Rayleigh distribution [BRO 70a] [SCH 61b].

From [6.15] and [6.24]

it becomes
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Figure 6.2. Variations of damage versus irregularity factor of response

Figure 6.2 shows the variations of the integral of the relation [6.21] versus
parameter r, for b = 10.

It is checked that for a constant number n_ T of peaks, the damage increases

with r, i. e. when the peak distribution tends towards Rayleigh 's law.

2. The calculation of D requires the evaluation of integrals of the form

There are available approximate expressions facilitating this calculation
[SYL 81] (cf. Appendices A3.8).

6.3.2. Particular case of a wide-band response, e.g., at the limit, r = 0

In this case [CHA 85],

with
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6.3.3. Particular case of narrow band response

6.3.3.1. Expression for expected damage

From the expression for the damage [6.25], we can write:

It can be shown that, if x is large,

with

Let us set it becomes

The integral is the gamma function (Appendix A1)

yielding
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The development in series of the error function can be limited to two terms
without too much error only if x >= 0.9 , the approximation being then greater than
90% of the true value. From this, the condition results

It is shown in addition [PUL 67] that 90% of the damage is produced by the
reduced stresses cr/a,^ when higher than 1.85 when the signal presents a Rayleigh

peak distribution, yielding

b
The integral of this relation has the form of the gamma function with x = 1 + —,

2
yielding [MIL 53]:

Let us set We have yielding [HAL 78]

i.e.

^NOTE. -Ifr = 0.16, the series limited to two terms gives approximately half the
real value.

If this condition is observed, D can be written, after replacement of the error
function by its approximate value and after simplification,
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Knowing that n^ = r n* (relation [6.45] Volume 3), it becomes [BRO 68a]

[CRA63] [LIN 67]:

Since

If the excitation has a PSD made up of straight line segments, the damage D can
be written [1.79]:

If the straight line segments are horizontal, we have, starting from [6.35] and
from [1.86],

NOTES. -

1. Relationships [1.57], [1.58] and [1.59] are used to calculate zrms, zrms and

zrms and then nQ and r, if the PSD is composed of broken straight lines or [1.61],

[1.63] and [1.64] if the PSD of excitation is constant in the frequency interval
considered.

2. Calculation of the true value of the damage D is made difficult by ignorance
of the coefficients K and C. They are therefore set in practice equal to I when
calculating D which is thus obtained to a near arbitrary multiplicative coefficient.
This choice is in general without consequence since this damage is evaluated in
order to compare the severity of several stresses on the same structure, therefore for
given K and C.

3. Basquin's relation can be also written:
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or

Equation [6.40] is Basquin 's relation for random fatigue of a weakly damped
system with one-degree-of-freedom. On logarithmic scales, the S-N curve for
random fatigue is a line with the same slope -1 / b as for alternating fatigue and A'
can be interpreted as the ultimate stress (N = 1).

Particular case where the input noise is white noise

The rms displacement response to a vibration l(t) of constant power spectral
density varying with the pulsation Q between zero and infinite, is (Chapter 1):

If the PSD is defined with respect to frequency f,

The mean fatigue damage becomes then, on the assumptions selected:

a relation in which n0 T is the number N of alternate loadings to failure. The mean
time to reach failure is such that D = 1, yielding:

In this last case, if the input is an acceleration,

m
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So finally one can consider that the response is narrow band (r = 1):

6.3.3.2. Notes

[6.48]

Fatigue life

The failure by fatigue takes place, according to Miner's assumption, when
D = 1, yielding the expression for the fatigue life:

If the response can be regarded as a narrow band noise,

and if moreover the input is a white noise,

/. On the Rayleigh hypothesis, the damage can also be calculated from the

expression [6.3] relating to a half-cycle using
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The narrow band response of a mechanical system to one-degree-of-freedom is
carried out at a mean frequency close to the natural frequency of the system

fno * fo/

There is only one peak associated with each crossing of the mean value with
positive slope [BER 77]. The mean damage per maximum (or half-cycle, since

where NT is the total number of half-cycles. If NT is large, the expected value

E(a ) o/a is equal to

yielding [WIR 83b]:

2. The relationship [6.35] is exact when r = 1, the stresses being then distributed
according to Rayleigh's law. We will see that for r close to unity, one obtains with
this expression a very satisfactory approximation of damage.

3. When r = 1, i.e. for a narrow band stress response, the relation [6.35] can be
demonstrated more directly from the probability density of the Rayleigh distribution
[BEN 64] [BRO 68a]:

and, for n0 T cycles,

[6.51]

is [POW58]:
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which leads, after transformation, to the relation [6.35].

4. If N* is the number of cycles to failure at the rms stress level Gms

[POW 58], the expected damage [6.53]

can be also written, while setting

Let us set

yielding another expression of time-to-failure

where yielding:

The damage to failure is, assuming
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where Ne = r| N is the number of cycles to failure corresponding to the stress
Grms • This formulation makes it possible to build the S-N curves for random

stresses starting from traditional S-N curves.

q(<0
5. The quantity 7i(a) = can be regarded as a probability density:

N(a)

Figure 6.3. Density of probability of damage

Figure 6.3 shows variation of n(G) for b = 10, 8 and 6, C = 1 and a,-^ = 1.

This law has the following characteristics:
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The mode, the mean and the standard deviation are linear functions of oms and
functions of parameter b [LAM 76].

Figure 6.4. Mode, mean and standard deviation of the damage

Figure 6.4 shows the variations of these three quantities with b for Gms = 1.

6. The expression of E(D) for r= 1 is also sometimes written in the form
[LIN 67] [SHE 83]:

where M0 and M2 are respectively the moments of order 0 and 2 of the excitation,

<jj and N j are the co-ordinates at a particular point of the curve N a = C.

7. The method of calculation ofD leading to the expression [6.34]
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is sometimes named Crandall 's methodl [TAN 70]. Other methods were proposed
later, such as those of M. Shinozuka [SHI 66] and D. Karnopp and T.D. Scharton
[KAR 66].

8. It is noted that the damage D varies with T and cjrms. A small variation of

arms, i.e. of the amplitude of the excitation, is thus much more sensitive than a

variation of the duration T. In addition, since the stress level depends on power b,
the damage is primarily created by the highest levels (in practice about four times
the rms value [POW 58]).

If b is arbitrary, we have:

6.3.3.3. Calculation of gamma function

If b is an even positive integer number, it is shown that

If b is odd integer,

lying between 1 and 2. Tables give e[l,2][ABR64].for
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Table 6.1. Values of the function r(l + b/2)

b
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4.00
4.25
4.50
4.75
5.00
5.25
5.50
5.75
6.00
6.25
6.50
6.75
7.00
7.25
7.50
7.75
8.00
8.25

r(i+b/2)
0.8966
0.9191
0.9534

.0000

.0595

.1330

.2223

.3293

.4569

.6084

.7877
2.0000
2.2514
2.5493
2.9029
3.3234
3.8245
4.4230
5.1397
6.0000
7.0355
8.2851
9.7971

11.6317
13.8636
16.5862
19.9162
24.0000
29.0214

b
8.50
8.75
9.00
9.25
9.50
9.75

10.00
10.25
10.50
10.75
11.00
11.25
11.50
11.75
12.00
12.25
12.50
12.75
13.00
13.25
13.50
13.75
14.00
14.25
14.50
14.75
15.00
15.25
15.50

r(i + b/2)
35.2116
42.8625
52.3428
64.1193
78.7845
97.0916

120.0000
148.7344
184.8610
230.3860
287.8853
360.6710
453.0107
570.4130
720.0000
910.9983

1155.3813
1468.7106
1871.2545
2389.4457
3057.8220
3921.5895
5040.0000

64.90 103

8.38 103

1.08 104

1.40 104

1.82 104

2.37 104

b
15.75
16.00
16.25
16.50
16.75
17.00
17.25
17.50
17.75
18.00
18.25
18.50
18.75
19.00
19.25
19.50
19.75
20.00
20.25
20.50
20.75
21.00
21.25
21.50
21.75
22.00
22.25
22.50
22.75

r(1+b/2)
3.09 104

4.03 104

5.27 104

6.91 104

9.07 104

1.19 105

1.57 105

2.07 105

2.74 105

3.63 105

4.81 105

6.39 105

8.50 105

1.13 106

1.51 106

2.02 106

2.71 106

3.63 106

4.87 106

6.55 106

8.82 106

1.19 107

1.61 107

2.17 107

2.94 107

3.99 107

5.42 107

7.37 107

1.00 108

b
23.00
23.25
23.50
23.75
24.00
24.25
24.50
24.75
25.00
25.25
25.50
25.75
26.00
26.25
26.50
26.75
27.00
27.25
27.50
27.75
28.00
28.25
28.50
28.75
29.00
29.25
29.50
29.75
30.00

r(1 + b/2)
1.37 108

1.87 108

2.55 108

3.50 108

4.79 108

6.57 108

9.03 108

1.24 109

1.71 109

2.36 109

3.26 109

4.50 109

6.23 109

8.63 109

1.20 1010

1.66 101°
2.31 1010

3.21 101°
4.48 10'°
6.24 1010

8.72 1010

1.22 10"
1.70 1011
2.39 10"
3.35 1011

4.70 10"
6.60 10"
9.29 10"
1.31 1012

Example

r(6.44) = 5.44 r(5.44)

r(6.44) = 5.44 .4.44 3.44. 2.44 .1.44 l(\A4)

with r(l.44) =0.8858.

Yielding r(6.44)« 258.6
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The gamma function can also be approximated from a series development

J bl(cf. Appendix Al). In Table 6.1 are listed values of I11 + — as function of b
V 2)

varying between 1.25 and 30.

In addition, all things being equal, the damage D is thus a function of the product

(GQ Ah) . If this product is constant, z^ is constant as well as D. If hm = 1,

6.3.4. Rms response to narrow band noise G0 of width Mwhen G0 Af = constant

Let us consider a noise of constant power spectral density G0 and of width Af
centered around a frequency fm limited by the frequencies f1 and f2 such that

It is noted that z^s varies with the product G0 Ah. When fm is small with

respect to f0 and for the usual values of damping, it is seen that the quantity COQ zrms

is close to the rms value xrms of the excitation. We saw that, for a narrow band
noise,

possible to calculate the rms response zrms. If Ah is small, we obtain

or

and

and

i.e., with the reduced co-ordinate

The relationships [1.61] and [A3.20] make it
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6.4. Equivalent narrow band noise

The estimate of the fatigue damage requires the calculation of a histogram of the
peaks of the response. In the preceding paragraphs, the probability density of the
peaks of the response was estimated from the statistical properties of the signal. One
can also use one of the many methods of direct peak counting, in more general use,
the most current being the rainflow method.

Another approach is that of the equivalent narrow band noise. It is based on the
simplified relation established on the assumption of a Rayleigh peak distribution
(r » 1), with several alternatives:

- Use of the relation [6.35] obtained for a Rayleigh peak distribution (r being
supposed equal to 1), whatever the real distribution,

- Same assumption, by replacing the expected frequency n0 by the mean

number of peaks per unit time np ,

- Relation [6.35] corrected by a factor X (P.H. Wirsching),

- Relation [6.35] corrected by a term function of b and r (G.K. Chaudhury and
W.D. Dover),

- Transformation of the real law of peak probability density into a Rayleigh
distribution.

6.4.1. Use of relation established for narrow band response

Even when the distribution of the peaks does not follow exactly a Rayleigh
distribution, current practice is, to simplify calculation, to assume that r is equal to 1.
The response z(t) is thus supposed to be a narrow band noise [CHA 85], which
makes it possible to apply the relation [6.35]

and

Lastly, if hm = 1 and Q = l,
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by considering that it is still correct whatever the true value of r.

It is thus supposed that a narrow band stress which has at the same time the same

rms value and the same number of zero crossings (n0)as the real broad band stress
provides an acceptable estimate of the damage. The interest of this assumption, if it
is verified, lies in the facility of use of the analytical relation [6.35], which makes it
possible to avoid rainflow type counting and heavier numerical calculations of
integration.

Error due to the Rayleigh distribution approximation

The relation [6.35] is a good approximation of the damage for 0.567 < r < 1
(paragraph 6.3.3.1). We propose to consider, depending on the parameter r, up to
what point and with which error one can use in all the cases (r arbitrary) the
Rayleigh's law to calculate the fatigue damage. For that, let us calculate the ratio p
of the damage E(D) obtained with a Rayleigh peak probability density q(u) and
the damage D deduced from the most general law q(u) :
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Figure 6.5. Ratio of the damage calculated using Rayleigh 's law and the
complete formulation

Figure 6.5 shows that p tends towards 1 when r tends towards 1, more quickly
for large values of b. The error arising, assuming Rayleigh's law, remains lower than
4% for b e[3, 30] and r > 0.6 (Figure 6.6), thus confirming M. Bernstein's
calculation, already quoted [BER 77].

Figure 6.6. Error due to use of
Rayleigh's law

The damage D calculated using Rayleigh's law is always lower than the damage
obtained with the more general formulation (whatever b and r).

Figure 6.7. Range in which the
approximation using Rayleigh's law

is acceptable
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NOTE. - L.P. Pook [POO 78] considers that for problems of fatigue, a process can

be considered as with a narrow band if q < 0.14 where q = \\ - r , i.e. for

r > 0.99, a condition which seems very severe from the above curves.

6.4.2. Alternative: use of mean number of maxima per second

The comparison complete formulation / Rayleigh formulation was carried out
above starting from the expression of the damage [6.35]:

in which the expected frequency n0, equals, for r = 1, the mean number of maxima

ttp per unit times. J.T. Broch [BRO 68b] [SCH 61b] showed by experiment that,

although n0 and ams (or z,^) are the same, two tests carried out with different
values of r lead to different fatigue lives. This tendency is confirmed by other

authors [BER 77] [FUL 62]. If r is different from 1, it is justified to replace n^ by

np in the relation [6.35], the damage being related to the number of peaks. The

comparison of the expression thus obtained

with that resulting from a complete formulation, carried out under the same
conditions as previously, led to the curves of Figure 6.8.

Thus the damage calculated simply is larger than that obtained with the complete
formulation. This result is logical since the selected assumption results in regarding
each peak as a well formed half-cycle, which is obviously not the case for r < 1.

Approximation of the narrow band type has the principal disadvantage of over-
estimating the probability of occurrence of the largest peaks and thus leads to a
conservative evaluation of the damage [BER 77] [CHA 85] [EST 62]; when the
distribution of the peaks is close to a Gaussian law (r small), its use is debatable.
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Figure 6.8. Ratio of damage calculated-with a mean number of peaks and the Rayleigh law
hypothesis with the complete formulation

In many practical cases, the results obtained are however sufficiently accurate
[PHI65][RUD75][SCH61a].

6.4.3. P.H. Wirsching's approach

After a study intended to compare several counting methods, P.H. Wirsching
[WIR 80a] [WIR 80b] [WIR 80c] [WIR 83b] defined the parameter

and plots curves giving AR against r (or q = V1 - r ) for various values of b and
using several methods:

XR: Rainflow type counting

Ap: Counting of the peaks of the response

A.z: Counting of zero crossings

^N: Simplified relation (r = 1).

The curves obtained are given in Figure 6.9. They are plotted for b = 3, but their
shape aspect is the same whatever b (the variation between the curves increases, but
their relative position remains the same one).

fatigue damage calculated from the " x" method
AR =

fatigue damage calculated from the " equivalent narrow band" method
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Figure 6.9. Ratios of damage obtained with various peak counting methods

Whatever b, and whatever the method, A,x -» 1 when r -> 1.

The reference being the rainflow method, considered in general to be the most
precise, P.H. Wirsching shows that the method of peak counting and the equivalent
narrow band method are conservative. The zero crossing counting method gives non
conservative results.

From four particular forms of power spectral densities, an empirical relation
from this study is deduced allowing, starting from the simplified narrow band
relation, calculation of the damage which would be obtained with rainflow counting.
If DNB is the narrow band damage and D that given by rainflow counting,

If r = 1, A. = 1 and if r = 0, A. = A(b). Figures 6.10 and 6.11 show the variations
of A, versus r and b. It is noticed that for b given, A. varies little with r if r < 0.9 .

the empirical relation between A, b and r being

where
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Figure 6.10. Factor of correction of
damage calculated on a narrow band

assumption (versus r)

Figure 6.11. Factor of correction of
damage calculated on a narrow band

assumption (versus b)

The study was carried out for loads resulting from the action of waves on
offshore structures, for which q > 0.50 (r < 0.866) and b « 3 (welded joints). In

this range, A. varies little and only b is influential. For small b, the narrow band
model provides a reasonably conservative estimate of the lifetime.

The accuracy of this approximation can also be evaluated by considering the
ratio

If r -> 0, the damage calculated from the most general expression of q(u) is
equal to

damage according to Wirsching

damage from the general relation q(u)
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and

Figure 6.12. Error related to the use of the P.M. Wirsching relation

Figure 6.12 shows the variations of 1 - p with r, for b = 3, 6, 10 and 15.

6.4.4. G.K. Chaudhury and W.D. Dover's approach

These authors [CHA 85] propose a method derived from the general expression
of the peak probability [6.24]:



We obtain, while replacing a by

The error fianction erf (x) (which varies between 0 and 1 according to x) can be

approximated to 1/2:

yielding mean damage:

(np = no ). This relation gives a value lower by 25% than that of a theoretical

narrow band process. The difference comes from the choice of the value of the error
function. Calculations seem to follow better the experimental results in the case
treated by the authors (stresses in tubular offshore structures) with peak counting
using the rainflow method. To take account of the results of these countings, they
correct and readjust the relation [6.34] established using Rayleigh's hypothesis

(relation already obtained in [6.29]) and if r -» 1 (q -> 0), D tends towards

tends towards
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or

where

if the peak distribution is Rayleigh in form,

if this distribution is Gaussian and

in the general case, for 0.5 < r < 1.

The relationship between the damage calculated by G.K. Chaudhury and
W.D. Dover and that estimated on Rayleigh's hypothesis makes it possible to
compare these two approaches (Figure 6.13).
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Figure 6.13. Comparison of damage calculated on the G.K. Chaudhury
and Rayleigh assumptions

Figure 6.14. Comparison of damage calculated on the G.K. Chaudhury
assumption and with complete formulation
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The value of this method can also be evaluated by taking as reference the
damage calculated using the general formulation of q(u) (Figure 6.14):

6.4.5. Approximation to real maxima distribution using a modified Rayleigh
distribution

The response of a linear one-degree-of-freedom system to a Gaussian random
vibration is itself Gaussian, with a probability density of maxima [6.23]:

The parameter r of a narrow band response (or of a stress directly in a structure)
is close to 1 and q(u) tends towards a Rayleigh distribution which, we saw, led to
much simpler calculations.

In the general case, q(u) is represented versus u by a curve which has an arc for
u < 0 and, depending on r, an arc relatively close to a Rayleigh curve for u > 0. To
approach Rayleigh's law, it would first be necessary to remove the negative part

and, so that the new probability density q*(u) so defined has an area under the

curve still equal to unity, to multiply q(u) by a standardization factor. We

established that, if Q(uO) is the probability such that u > u0,
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which is represented by the area on the left of the vertical axis (Figure 6.16).

Figure 6.16. Suppression of negative part of probability density of maxima

For equal to

corresponds to area under the curve q(u) for u > 0, yielding

Figure 6.15. Probability density of the maxima
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Since

Figure 6.17 shows q*(u) for r = 0.6 ; 0.75; 0.8; 0.9 and 1, plotted in its
definition interval (0, QO). Calculation of the fatigue damage requires that the number
of maxima dn lying between the stress levels cr and a + da:

Figure 6.18 shows, for the same values of r as above, the variations of
„„, q(u)

q (u) = . After these two corrections, we see that the maxima lower than
r

zrms are more numerous than those expected from Rayleigh's law. The taking into
account of a Rayleigh distribution could thus seem slightly conservative, if it were
not known that the low level maxima have a quasi-negligible contribution to the
total damage.

So that the new density q (u) is standardized, it is necessary that [HIL 70]
[KAC 76]:

where n is the mean number of positive maxima per second. When the response is

of narrow band, r= 1 and np = n0. One prefers in this case to use n0 whose

calculation assumes only that of zTms and zrms (that of n requires evaluation of

the parameters zms and zrms). To preserve this facility, we can write
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Figure 6.17. Truncated and standardized
probability density of maxima

Figure 6.18. Truncated, standardized and
modified probability density of maxima for

using expected frequency

When z > 2 zrms, all the distribution laws are almost confused with Rayleigh's

law for 0.6 < r < 1, an interval which includes almost all the values found in
practice in structures with one or several degrees of freedom [KAC 76].

NOTE. - B.M. Hillberry [HIL 70] proposes another approach based on the relation
[6.21]:

where u = . When r is arbitrary between 0 and 1, the curve q(u) presents
CTrms

values for u < 0 (Figure 6.19).

Figure 6.19. Suppression of negative maxima
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To standardize the new peak probability density obtained after suppression of
negative maxima, B.M. Hillberry writes the damage D in the form

The S-N curve thus evaluated for a random loading is thus a line having the same
slope as that obtained under sinusoidal stress, with a smaller ordinate at the origin
(the ordinate at the origin being here defined as the ordinate of the point N = 1, i.e.
the theoretical ultimate stress of the material [ROO 64]: it is known that the
approximation of the S-N curve by a line in this zone of low numbers of cycles, is
not correct).

6.5. Comparison of S-N curves established under sinusoidal and random loads

Analytical expression selected to describe the S-N curve in its linear part

(logarithmic scales) is that of Basquin (N a = C) which can be written, if the
stress is characterized by its rms value instead of its amplitude,

The above results makes it possible to write, in the case of a test bar excited by a
narrow band stress [6.35]:

There is failure by fatigue, on average, when D = 1. Then [ROO 64]:

where N = n0 T (mean number of cycles to failure), yielding:
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All the parameters appearing in the right hand side of relation [6.94] are known
from the results of the fatigue tests in sinusoidal mode: this relation allows the
extrapolation of the curves SN obtained with sine loads to the case of random loads.

NOTE. - If it is supposed that the peak distribution of the response follows a
Gaussian distribution (instead of a Rayleigh distribution), i.e. that r = 0, we obtain
in the same way:

We set here

Example

7075-T6 aluminium alloy

b = 9.65

C = 5.56 1087 (SI unit)

Figure 6.20. Comparison ofS-N curves

Figure 6.20 shows the curves a(N) plotted under the following conditions:

(cr = maximum stress in sinusoidal mode)
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random, Rayleigh's distribution [6.94]

random, Gaussian distribution [6.96]

The variation between the initial S-N curve (in sinusoidal mode) and the curve
relating to random (Rayleigh's assumption) is a function of the value of
the parameter b.

Figure 6.21. Variation between the S-N curve in sinusoidal mode
and random (according to L. W. Root [ROO 64])

Figure 6.21 shows the variations of the ratio rms random = S versus
CTmax sine

parameter b:

NOTE. - The fatigue calculations carried out for a peak distributions close to a
Gaussian law are in general nonconservative [r small, therefore many cycles of low
amplitude (under-cycles) superimposed on the cycles between two zero crossings].
R.G. Lambert [LAM 93 ] proposes to modify the relation [6.95] to take account of
this phenomenon and to correct it simply as follows:
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More general case

We saw that the expected damage by fatigue is given by [6.21]:

where q(u) is the probability density function of maxima, represented by [6.22] if
the distribution of the instantaneous values of the random excitation is Gaussian. If

we set N = n0 T, we obtain, for D = 1, a relation between arms and N of the form

It is noted that these curves are (into random) very tight and therefore not very
sensitive to the variations of r. According to choice of the definition of N and
according to the value of r, a calculation carried out using Rayleigh's assumption

can thus be slightly optimistic (N = n0 T) or pessimistic (N = n T).

If we preserve we obtain:

Figures 6.22 and 6.23 show the curves plotted for r = 0.25 ; 0.50; 0.75 and 1,
80with reference to the curve established in sine mode (b = 10, C = 10 ), when one

carries on the abscissa n0 T or np T.
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Figure 6.22. S-N curve into random
plotted as a function of the number of zero-

crossing with positive slope, for various
values of the irregularity factor

Figure 6.23. S-N curve into random plotted
as a function of the peak number, for various

values of the irregularity factor

6.6. Comparison of theory and experiment

One finds in the bibliography test results carried out in various configurations,
under stationary random stresses with or without zero average, used for the layout of
S-N curves, and for fatigue life calculations [GAS 65] [KIR 65a]. The conclusions
are not always homogeneous and vary sometimes according to authors. Generally, it
seems that the parameter considered as most representative of fatigue under random
stress is the rms value of the stress (confirmation of the theory) [CLE 66] [CLE 77]
[KIR65a].

S-N curves

The Miner/Rayleigh method for the determination of S-N curves was checked
experimentally, and demonstrated a reasonable scatter of fatigue damage [CLY 64]
[ESH 64].

The rms stress vs number of cycles to failure curves are straight lines on

logarithmic scales (note that one finds the two definitions of N, i.e. n0 T and n* T,

perhaps allowing one to explain some differences in the results).

The majority of the authors agree to locate the S-N curve for random loads on
the left of the curve obtained for sine [BRO 70b] [CLE 66] [CLE 77] [CLY 64]
[ELD 61] [HEA 56] [LAM 76] [PER 74] [MAR 68] [ROO 64] [SMI 63]; the fatigue



Damage by fatigue 233

lives are shorter for random than for sine, for equal rms stress values. This result is
logical since the damage by fatigue is primarily produced by large peaks which can
exceed 5 times the rms value for random.

Figure 6.24. Comparison between the S-N curves determined for sinusoidal
and random stress

The difference observed is sometimes larger at low levels [PER 74] [SMI 63]. R.G.
Lambert [LAM 76] gives some experimental results in Table 6.2, which we
reproduce as an indication.

Rs
The values of the ultimate stress ratio (stresses for N = 1 in the Basquin

RA
relation) respectively obtained for a sinusoidal stress and a random stress are close
to 2 for ductile materials and 3 for relatively brittle materials (the materials are more
brittle when their b parameter is larger).

Some authors obtain however a longer fatigue life for high random stress levels
and shorter for low levels [KIR 65b] [FRA 59] [LOW 62].

J.R. Fuller [FUL 61], S.R. Swanson [SWA 63], H.C. Schelderup and A.E. Galef
[SCH 6la] have noted that the S-N curves plotted on logarithmic scales with sine
stresses and narrow band random stresses (distribution of the peaks close to
Rayleigh's law) are roughly straight lines of different slopes, the curve in random
mode being deduced from that in sine mode by a clockwise rotation centered on the
axis N = 1 (Figure 6.25). To take account of this remark, L. Fiderer [FID 75]
proposes to represent the S-N curve by a relation derived from Basquin's

(N a = C = I.CTJ , where a, is a fictitious stress level, since G} > Rm, stress to
rupture for 1 cycle, i.e. in statics) of the form
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the constant A taking account of observed rotation. The relative position of the
theoretical S-N curves thus obtained and of the experimental curves is not so clearly
established.

Figure 6.25. Transformation of the S-N curve in sine mode to the S-N curve
into random mode

Table 6.2. Examples of constants in Basquin 's relation for sinusoidal and
random stresses [LAM 76]

Material

Aluminium
alloy

6061-T6
Copper

Wire
Aluminium

alloy
7075-T6

Gl0 Epoxy
Fiberglass

b

8.92

9.28

9.65

12.08

Sinusoidal stress

Ultimate
stress Rs

(Pa)

7.56 108

5.65 108

12.38 108

5.58 108

Constant
C

(SI unit)

1
1.57 1079

1.66 1081

5.56 1087

4.56 10105

Random stress

Ultimate
stress RA

(Pa)

3.43 108

2.54 108

5.51 108

2.28 108

Constant
A

(Pa)

1.36 1076

9.93 1077

2.25 1084

9.20 10100

Ratio

RS

RA

2.20

2.22

2.25

2.45
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Work carried out by C. Perruchet and P. Vimont [PER 74] shows an important
diversity in conclusions:

- The tests confirm relatively well the estimated lifetimes:

- Whatever the stress level [ELD 61] [KOW 61b] [MAR 68],

- Only at low stress levels, real fatigue lives being longer than those
estimated for high levels [ELD 61] [FRA 59] [KIR 65b] [LOW 62],

- Only at high levels, real fatigue lives being shorter than the expectation for
low levels [CLE 66] [CLE 77],

-The experimental fatigue lives are smaller by a factor of 2 to 10 [BOO 69]
[BRO 70b] [CLE 66] [FUL 62] [HEA 56] [MAR 68] [PER 74] [SMI 63] whatever
the stress level,

- The experimental fatigue lives are longer by a factor of 2 to 3 approximately
(between 104 and 107 cycles) whatever the stress level [ELD 61] [ROO 64].

Generally, it is considered that the estimates of fatigue life carried out using
Miner's rule are rather good for random, the shape of the estimated S-N curve being
correct [BRO 70b] [MAR 68]. This rule, relatively simple to use, provides adequate
evaluations when an approximate result is required [BOO 69].

NOTE. - Mc Clymonds and J.K. Ganoug [CLY 64] proceeded to a comparison of the
SN curves established for random, sine and swept sine (for Miner's and Rayleigh 's
assumptions). Swept sine produces a significant damage only during the time for
which the excitation frequency crosses the frequency interval between the half-
power points at each system resonance.

Random loading creates damage by fatigue for each resonance over all the test
duration. By referring the S-N curves to the load corresponding to the resonance
peak for swept sine, to the rms load for random, they found, at a given stress level, a
longer fatigue life for swept sine than for sine, and longer for sine than random.

Wrought
Steel

SAE 4130
BHN267

Magnesium
alloy

AZ31B

17.54

22.37

12.13 108

2.99 108

2.14 10159

3.99 10189

4.27 108

9.38 107

2.39 10151

2.18 10178

2.84

3.19
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Figure 6.26. Comparison of the S-N curves established experimentally under sine
and random stresses

This tendency is confirmed by calculation. Figure 6.26 shows the S-N curves
plotted using the following relations:

sine [6.93]:

For the swept sine, the relation is established using the approximation suggested
by M. Gertel [GER 61] for the calculation of fatigue damage undergone by a one-
degree-of-freedom system excited by a linear swept sine. It is shown that [LAL 82]
(Volume 5, Chapter 4):

where AN is the number of cycles performed between the half-power points
(function of the sweep rate)

random [6.94]:



6.7. Influence of shape of power spectral density and value of irregularity factor

The shape of the PSD and the bandwidth are generally regarded as not very
influential parameters [BRO 68b] [HIL 70] [LIN 72]. Studies carried out to evaluate
the importance of the factor r lead however to more moderate conclusions:

- The parameter r has little influence for 0.63 < r < 0.96 (it was seen that the
narrow band approximation is acceptable in this range) [CLE 66] [CLE 77]
[FUL 62];

-The parameter r has little influence, except when it is very weak, about 0.3.
One then observes an increase in the fatigue lives for notched samples [GAS 72]
[GAS 77];

- The parameter r has a notable influence (except if the probability density
functions of the peaks are comparable) [BRO 68b] [LIN 72] [NAU 65];

- The fatigue life is larger when r is smaller, both from the point of view of crack
initiation and their propagation [GAS 76]. For S.L.Bussa [BUS 67], this effect is
particularly sensitive for r < 0,8 ;

- S.R. Swanson [SWA 69] and J Kowalewski [KOW 63] arrive at qualitatively
similar results with regard to the influence of the parameter r, without a law binding
r and the fatigue life being able to be truly established.

6.8. Effects of peak truncation

The fatigue damage being narrowly dependent on the number and the amplitude
of the peaks of stress undergone by the part, it is interesting to speculate about the
effect of a truncation of the peaks. This truncation can have several origins.

In theory, calculations take into account a law of peak distribution q(u) without
limitation, thus being able statistically to include very large peaks. In practice, it is
rare to observe peaks higher than 6 standard deviations (rms value) in the real
environment. During simulation tests in laboratory, the control system often cut the
peaks higher than 4.5 times the rms value.

Before anticipating the analysis, it is wise to specify the nature of the truncated
control signal. This signal can be:
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yielding, for D = 1,
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1. An acceleration, a force or any other quantity imposed on a structure, the
stress at a point being the result of this excitation only.

2. A stress or a deformation directly measured on the part or the result of force
applied directly to the part (case of tests on test bars).

Depending on the case, the results are different. We will consider in the
following paragraph only this last case. The influence of a truncation of the
acceleration signal will be examined in Chapter 5 of Volume 5.

6.9. Truncation of stress peaks

Let us suppose that the S-N curve can be represented by the analytical Basquin

expression N eb = C and that we use Miner's rule.

We saw that, on these assumptions, the fatigue damage can be written, without
truncation,

Figure 6.27. Truncation level of peaks on the S-N curve

If the peaks are truncated at stress level at, the damage becomes:



Damage by fatigue 239

Particular case of a narrow band noise

If the peak distribution of a(t) can be represented by Rayleigh's law (r = 1), the
expression [6.105] of the damage can be written [POO 78]

(If we take into account a fatigue limit aD, this damage becomes

Figure 6.28. Truncated peak

Since the peaks are truncated at value at, the amplitudes higher than this value

are fixed at a = at for calculation of the damage when N ab = C [POO 78]. This
damage

thus becomes

yielding
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NOTE. - This result can be arrived at by considering that truncation to at is
equivalent to the addition of a Dirac delta function at a = at which restores to a
value 1 the truncated area under the curve q(a). This area is equal to [LAM 76]:

Figure 6.29. Addition of a Dirac delta function to the probability density of peaks to
compensate for the area removed by truncation

The truncated probability density then becomes

where 0 < a < at, and damage by fatigue relating to larger peaks than at :

The total damage is thus, in the presence of a fatigue limit stress:
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Knowing that the term

can be written in the form

where y[B, i] is the incomplete gamma function, it becomes, with B = 1 + — and
2

and
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The function y is tabulated and can be calculated from approximate relations. If

NOTES. -

1. The expression [6. 111] can be also written [WHI69]:

(the function P is tabulated).

2. If, in the relationship [6.113], we set aD = 0 (no fatigue limit), we find the
Crandall expression[6.34].

The effect of truncation is to reduce the damage in the ratio ,which is

related to b.
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Figure 6.30. Effect of truncation on the
damage in the absence of fatigue limit

Figure 6.31. Effect of truncation on the
damage for a fatigue limit equal to 3 times

the rms value

Figures 6.30 and 6.31 show the variations of this ratio for aD = 0 and

For CD = 0, one notes that, if b < 7, truncation for > 4 has negligible

effect. But if b > 7, 50% at least of the total damage by fatigue is produced by the
peaks of the response exceeding 3 arms, in spite of their infrequent occurrence

[SMA 65]. Although the damage created by the peaks between 2 arms and 3 arms is

important [POO 78], it appears clearly that a truncation of the response signal to
3 arms modifies much the resulting damage.

In certain cases (observed for 'missile' environments), the responses greater than
3 arms can have an occurrence much more frequent than for a Gaussian noise, with

peaks higher than 5 arms very probable.

The damage produced is then more important than that envisaged with a
Gaussian assumption. To avoid this problem, a method could consist in adjusting the
total amplitude of the random noise created during the test laboratory so that the
response peaks produced are similar to those in the real environment.

versus parameterized by b (variable between 2 and 10 per step of 1).
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Figure 6.32. Effect of truncation on the
damage as function of fatigue limit

Figure 6.33. Stress leading to greatest
damage

For b < 7 and aD = 0, truncation has little effect if

and 2 [WHI 69].

For b < 10 and > 4 (Figure 6.32), the reduction of the damage is weak so

long as The level ag at which the greatest damage takes place is

obtained while searching ag such that is maximum, i.e. for yielding
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For

These results show that, generally, the effect of truncation cannot be neglected a
priori. It is thus important to specify, by test, which was the value of at. The

truncation of the peaks larger than 2.5 arms has a notable influence, leading to
longer fatigue lives.

The truncation of the peaks above ±3.5 arms has little influence on the
experimental results [BOO 69].

If

Figure 6.34. Stress leading to greatest damage in the absence of truncation

it becomes

small (Figure 6.33), there is a field, for each value of b, in which the

level is equal to These curves are valid only if aD < ag (there is no

damage if aD > at) [WHI 69].
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The predictions of fatigue lives carried out using Miner's hypothesis and a
truncated signal are good with a truncation between 40 arms and 5.5 arms, worse

with 3.5 arms and bad with 2.5 arms [BOO 69].

The relation [6.116] established in the absence of truncation shows in addition
that the maximum damage is brought about by the peaks located between 2 and 4.5
times the rms value, this maximum being a function of the parameter b
(Figure 6.34).

NOTE. - A. J. Curtis [CUR 82] presents the calculation in a slightly different way.
Being given a Rayleigh distribution truncated for a > at, and if there is a fatigue

limit aD, it states the damage by fatigue D in the form

yielding, while setting and ,

or
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u
t

0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
.00
.10
.20
.30
.40
.50
.60
.70
.80
.90
2.00
2.10
2.20
2.30
2.40
2.50
2.60
2.70
2.80
2.90
3.00
3.10
3.20
3.30
3.40
3.50
3.60
3.70
3.80
3.90
4.00

b = 3.0
0.0000
0.0000
0.0002
0.0007
0.0020
0.0048
0.0100
0.0185
0.0314
0.0498
0.0746
0.1065
0.1460
0.1932
0.2478
0.3092
0.3763
0.4479
0.5227
0.5990
0.6753
0.7501
0.8222
0.8903
0.9536
.0115
.0635
.1096
.1498
.1844
.2136
.2380
.2581
.2744
.2874
.2978
.3058
.3120
.3167
.3202

b = 6.5
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.004
0.008
0.017
0.033
0.059
0.099
0.159
0.244
0.359
0.510
0.702
0.937
1.217
1.542
1.908
2.310
2.744
3.199
3.667
4.140
4.606
5.058
5.488
5.890
6.259
6.592
6.888
7.146
7.368
7.556
7.712
7.841

b = 9.0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.007
0.016
0.035
0.072
0.136
0.243
0.413
0.672
1.048
1.575
2.284
3.210
4.380
5.816
7.528
9.517
11.770
14.260
16.950
19.791
22.729
25.704
28.656
31.531
34.277
36.852
39.224
41.372
43.283
44.956

b = 25.0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
256
256
512
1280
3328
8448
19968
45312
98304
204288
406528
776448
1427456
2530560
4333056
7179264
11527168
17960704
27195392
40066816
57502976
80484608

1 - e-u2t/
2

1 - e-ut
/2

0.005
0.020
0.044
0.077
0.118
0.165
0.217
0.274
0.333
0.393
0.454
0.513
0.570
0.625
0.675
0.722
0.764
0.802
0.836
0.865
0.890
0.911
0.929
0.944
0.956
0.966
0.974
0.980
0.985
0.989
0.992
0.994
0.996
0.997
0.998
0.998
0.999
0.999
1.000
1.000

r(1+b/2)
b = 3.0 b = 6.5 b = 9.0 b = 25.0
1.3293 8.285 52.343 1.711 109

Table 6.3. Values of the incomplete gamma function [CUR 82]
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with

Layout of the S-N curve for a truncated distribution

We have, if aD = 0 and at arbitrary, while setting Nt = n0
+ T

The ratio of fatigue life with and without truncation is thus [LAM 76]:

This ratio depends only on and on the parameter b. To compensate for the
CTrms

truncation and to produce the same damage, it would be necessary to multiply the
rms value of the stress by the factor

A.J. Curtis [CUR 82] shows that the fatigue life is more modified when b is

larger (for small UD and Table 6.3 gives, for ut ranging between 1.10

and 4.00, the values of:

— The function for b respectively equal to 3.0- 6.5 - 9.0 and 25.0,

- The expression
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Table 6.4 gives the values of A, for different values of b and

Table 6.4. Values of the compensation factor of truncation A

(and the amplitude of the PSD by A2)

b

3
4
5
6
7
8
9
10
11
12

3

.01

.0159

.02336

.032285

.04248
1.05377
1.066
1.0789
1.0924
1.10644

3.5

1.0022
1.0039348
1.000643
1.00976
1.01398
1.0191
1.0250
1.03178
1.0392
1.04732

<*t
CTrms

4

1.000377
1.000756
1.001375
1.00231
1.00364
1.00543
1.00772
1.01055
1.01393
1.01784

4.5

1.000048
1.00011146
1.000224
1.000417
1 .000724
1.001185
1.0018425
1.002738
1.00391
1.00539

5

1.00000142
1.0000126
1.0000279
1.0000569
1.000108
1.000194
1.000331
1.000536
1.000833
1.001245
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Figure 6.35. Compensation factor X versus Figure 6.36. Compensation factor X versus
the parameter b the truncation threshold

Figures 6.35 and 6.36 show the variations of A. with b and

Figure 6.37. Ratio of damage of truncated Figure 6.38. Ratio of the damage of the
and untruncated signals versus the truncated and untruncated signals versus the

truncation threshold parameter b

NOTE. - One could also consider the ratio of the damage of the truncated signal Dt

to the damage of complete signal D. This ratio is equal to

It is noted that

X increases with b and decreases when at increases.



It is important to recall here that the truncation considered in this paragraph
relates to the stress and not the acceleration signal applied to the base of the
reference one-degree-of-freedom system. Some examples show that in this last case,
truncation has little effect when it is greater than 3 times the rms value of the signal
(Volume 5).
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Chapter 7

Standard deviation of fatigue damage

In previous chapters is was seen how fatigue damage undergone by a one-
degree-of-freedom system can be calculated starting from the characteristics of
random stress, Miner's rule and parameters of the S-N curve. When the peak
distribution of the response can be represented analytically, one can obtain damage
expectation E(D) . To this mean damage can be applied a standard deviation SD (or

variance SD) characterizing scatter related to the random aspect of the excitation.
Several methods have been proposed to calculate SD approximately on the
assumption of a Rayleigh peak distribution.

7.1. Calculation of standard deviation of damage: J.S. Bendat's method

Assuming the signal to be stationary and ergodic and by making an assumption
concerning the form of the autocovariance function of the damage created by each

half-cycle of the response (considered equal to sd
2 e-2 , where

sd = E(d 2 ) -E2(d), (d being the damage associated with the half-cycle k), J.S.

Bendat [BEN 64] showed that the variance of the damage undergone by a single-
degree-of-freedom linear system can be written

where
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and

with

where

The variation coefficient v is given by:
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Example

Figure 7.1. Variation coefficient of damage Figure 7.2. Variation coefficient of damage
versus number of cycles (J.S. Bendat) versus natural frequency (J.S. Bendat)
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Figure 7.3. Variation coefficient of damage Figure 7.4. Variation coefficient of damage
versus damping (J.S. Bendat) versus parameter b (J.S. Bendat)

Figures 7.1 to 7.4 show the variations of v with b, f0, n0
+ T and £ in the case of

a one-degree-of-freedom system of natural frequency 100 Hz subjected to a
random noise of constant PSD equal to 1.65 (m/s2)2/Hz between 1 Hz and
2000 Hz, with duration T = 3600 s, under the following conditions: b = 10,

C = 1080, K = 6.3 1010 (SI units).

Since the peak distribution follows, by assumption, a Rayleigh distribution,

yielding
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and

Lastly, if 2 np
+ T £, is large, we have

yielding

Table 7.1 gives, as an example, some values of v calculated as function of b and

the product 2 n Z, np
+ T (np

+ = n0
+ since r = 1).
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Table 7.1. Values of the variation coefficient of the damage (J.S. Bendat)

7.2. Calculation of standard deviation of damage: S.H. Crandall, W.D. Mark
and G.R. Khabbaz method

S.H. Crandall, W.D. Mark and G.R. Khabbaz calculate the variance of the
damage in the two following ways [CRA 62] [MAR 61] [YAO 72]:

a) By supposing random the amplitude of the stress cycles and the number of
cycles in (the interval) [0, T],

b) Starting from an approximation considering only the random aspect of the
stress amplitude.

These two approaches converge in extreme cases when the bandwidth tends
towards zero. The problem in both cases is related to strong correlation in the
incremental damage of successive cycles. It is necessary to carry out approximations
which are valid only when T is large compared to the decrease in time of correlation.

b

2 n ^ n0
+ T

10

25

50

75

100

250

500

750

1000

2500

5000

7500

10000

25000

50000

100000

500 000

1 000 000

2

3.162 10-1

2.000 10-1

1.414 10-1

1.155 10-1

1.000 10-1

6.325 10-2

4.472 10-2

3.652 10-2

3.16210-2

2.000 10-2

1.414 10-2

1.155 10-2

1.000 10-2

6.325 10-3

4.472 10-3

3.162 10-3

1.414 10-3

1.000 10-3

4

7.071 10-1

4.472 10-1

3.162 10-1

2.582 10-1

2.236 10-1

1.414 10-1

1.000 10-1

8.165 10-2

7 071 10-2

4.472 10-2

3.162 10-2

2.582 10-2

2.236 10-2

1.414 10-2

1.000 10-2

7.071 10-3

3.162 10-3

2.236 10-3

6

1.378

8.718 10-1

6. 164 10-1

5.033 10-1

4.359 10-1

2.757 10'1

1.95010'1

1.592 10-1

1.378 10'1

8.718 10'2

6.164 10-2

5.033 10-2

4.359 10'2

2.757 10'2

1.949 10'2

1.378 10'2

6.164 10'3

4.359 10'3

8

2.627

1.661

1.175

9.592 10-'

8.307 10-1

5.254 10-1

3.715 10-1

3.033 10-1

2.627 10-1

1.661 10-1

1.175 10'1

9.592 10'2

8.307 10'2

5.254 10'2

3.715 10'2

2.627 10'2

1.175 10'2

8.307 10-3

10

5.010

3.169

2.241

1.829

1.584

1.002

7.085 10'1

5.785 10-1

5.01010'1

3.167 10-1

2.241 10-'

1.83010'1

1.584 10-'

1.00210-1

7.085 10'2

5.010 10-2

2.241 10'2

1.584 10-2

12

9.601

6.076

4.297

3.508

3.038

1.922

1.359

1.109

9.607 10'1

6.075 10'1

4.297 10-'

3.508 10-1

3.038 10-1

1.922 10-1

1.359 10''

9.607 10-2

4.297 10-2

3.038 10-2

14

18.523

11.715

8.284

6.764

5.858

3.705

2.620

2.139

1.852

1.172

8.284 10-1

6.764 10-1

5.858 10-1

3.705 10-1

2.620 10-1

1.852 10-1

8.284 10'2

5.858 10'2
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where

The variance can be written, by supposing the amplitude of the half-cycles and
their number to be random,

NOTE. - There is a modified method of calculation of the variance (M. Shinozuka
[SHI 66]) which assumes a normally distributed load (mathematically simpler than
another distribution law).

With the following assumptions:

- The excitation is of white noise type and the peaks of the response are
distributed according to Rayleigh's law,

- The excited system is linear, with only one-degree-of-freedom, with a damping
ratio very much lower than unity (in practice, less than or equal to 0.05),

- The mean number of cycles of the response for the length of time T is very
large compared to 1/2£.

The approximate analytical expressions of the variance established in both cases (a)
and (b) converge towards the same expression when damping £, tends towards zero
[the mean damage E(D) being the same on the two assumptions, insofar as



260 Fatigue damage

Figure 7.5. Variations of functions f1(b), f2(b) and f3(b)

Figure 7.5 shows the variations of f1(b), f2(b) and f3(b) versus b. Table 7.2
gives some numerical values of these three functions for b varying between 3 and
20.
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Table 7.2. Values of functions f,(b), f2(b) and f3(b)

We deduce variation coefficient [CRA 63]

It should be noted that, while E(D) varies linearly with duration T of the

vibration, the standard deviation SD varies as with VT .

b

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

8.0

8.5

9.0

9.5

10.0

10.5

11.0

11.5

f1(b)

0.370

0.522

0.716

0.964

1.280

1.684

2.202

2.868

3.730

4.846

6.300

8.198

10.686

13.956

18.268

23.971

31.533

41.586

f2(b)

0.029

0.040

0.054

0.070

0.090

0.115

0.144

0.179

0.223

0.275

0.340

0.420

0.518

0.641

0.794

0.987

1.230

1.537

f3(b)

0.212

0.281

0.375

0.503

0.679

0.920

1.250

1.704

2.328

3.188

4.375

6.013

8.278

11.411

15.750

21.763

30.102

41.676

b

12.0

12.5

13.0

13.5

14.0

14.5

15.0

15.5

16.0

16.5

17.0

17.5

18.0

18.5

19.0

19.5

20.0

f1(b)

54.980

72.866

96.799

128.886

171.982

229.961

308.087

413.520

556.003

748.811

1010.046

1364.413

1845.653

2499.884

3390.189

4602.919

6256.346

f2(b)
1.928

2.427

3.067

3.890

4.951

6.326

8.110

10.433

13.466

17.435

22.641

29.485

38.502

50.405

66.146

87.000

114.676

f3(b)

57.750

80.087

111.146

154.356

214.500

298.256

414.946

577.590

804.375

1120.719

1562.149

2178.339

3038.750

4240.558

5919.723

8266.515

11547.250
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Example

Figures 7.6 and 7.7 show the variations of v with £, b or f0 in the particular
case where the input is a white noise G = 1 (m/s2)2/Hz between 1 Hz and 2000 Hz,
applied during 3600 s.

Figure 7.6. Variation coefficient of damage Figure 7.7. Variation coefficient of damage
versus parameter b (W.D. Mark) versus natural frequency (W.D. Mark)

Figure 7.8. Variation coefficient of damage Figure 7.9. Variation coefficient of damage
versus damping (W.D. Mark) versus number of cycles (W.D. Mark)



In many practical cases, it can be considered that £, n0
+ T is large compared to

unity. The last two terms of the bracket are then negligible and we have

7.3. Comparison of W.D. Mark and J.S. Bendat's results

We studied the variations of the ratio V(Bendat) with f0, b, £ and n0
+ T in the

v(Mark)

case of the example already treated. This ratio is written, for a narrow band
response:
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These curves, plotted starting from expression [7.20], show that v:

- is an increasing function of b,

- decreases when f0 increases,

- decreases when £, increases.

Figure 7.9 shows that v decreases when time T (and thus the number of cycles

N = n0+ T) increases.

The variation coefficient (or relative dispersion) is then written:

This ratio is then larger since [CRA 63]:

- e is smaller,

is smaller (i.e. since half of the interval between

the half-power points, is smaller),

- T is smaller.

It can be seen that E(D) is related to T and that SD varies as with VT .
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Figure 7.10. Ratio of variation
coefficients calculated by J.S. Bendat and

W.D. Mark versus natural frequency

Figure 7.11. Ratio of variation coefficients
calculated by J.S. Bendat and

W.D. Mark versus damping ratio

One notes in the figures:

-7.11 and 7.12 that p does not in practice vary with £; it is higher since b is
bigger,

-7.10 and 7.13 that p tends towards a constant value when f0 increases from
10 Hz to 2000 Hz, all more quickly because £ is larger. This limiting value is

obtained by neglecting the terms of the denominator in n0
+ (n0

+ = f0) yielding:



In the same way, p tends towards constant p^ when n0 T tends towards infinity

(Figure 7.13).

Figure 7.12. Ratio of variation coefficients Figure 7.13. Ratio of variation coefficients
calculated by J.S. Bendat and calculated by J.S. Bendat and W.D. Mark
W.D. Mark versus parameter b versus number of cycles, for b = 10

- 7.14 that the ratio p varies very little with n0
+ T. It is larger since b is larger.
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Example

For b = 10:
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Figure 7.14. Ratio of variation coefficients calculated by J.S. Bendat and W.D. Mark
versus number of cycles for £, = 0.05

where

D is the damage

E(D) is the mean damage

SD is the standard deviation of the damage.

Example

Let us consider a steel structure working in tension compression and which can
be comparable with a one-degree-of-freedom linear system, natural frequency
f0 = 100 Hz and relative damping £ = 0.05 .

Let us suppose that the stress cr is related to the peak relative displacement zp

by

NOTE. - J.P. Tang [TAN 78] shows that a limit of the failure probability is given by:

with K = 6.3 10 Pa/m and that steel has a S-N curve characterized by a
80

parameter b equal to 10, with a constant C = 10 (SI unit).

10
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D: Relation [6.26]: 0.86270
Rayleigh: 0.86196

SD: Relation [7.6]: 0.00577
Bendat relation: 0.00575
Mark relation: 0.003886

v: sDMark / E(D) Rayleigh: 0.004508
SD Bendat/ E(D) Rayleigh: 0.0066666

Relation [7.6]/ D relation [6.26]: 0.006693

Let us suppose finally that this structure is subjected to a random acceleration
applied to its base defined by a constant acceleration spectral density of amplitude
GX = 1.65 (m/s2)2/Hz between 1 Hz and 2000 Hz.

We propose to calculate:
- the fatigue damage D after 50 hours of vibrations,

- the standard deviation of the damage SD.

For a system of natural frequency 100 Hz, the excitation can, at first
approximation, being regarded as a white noise, yielding, using the approximate
relations mentioned above:

zms = 1.29 10-4 m r = 0.664

TO,,,, = 0.0809 m/s np+ = 150.47

Zrms =
 76.48 m/s2 n0+ = 99.87

yms = 51.147 m/s2 [= (2 TT f0)2 zrms]

P(D > 1): < 2.48 10-7 for SD Bendat
<8.83 10-11for Mark
< 2.93 10-7 for SD Bendat [7.6] and [6.26]

The mean damage calculated using Rayleigh's assumption is thus slightly
lower than the value obtained with relation [6.26]. The approximate Bendat
expression gives a value of SD very close to that deduced from relation [7.6]. The
Mark relation leads to a definitely lower result. This variation is not ascribable to
ignoring the assumptions selected to establish these expressions (r = 0.664
instead of 1), a difference being still observed if the coefficient r is very near to
unity.
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Number of cycles to failure under a sinusoidal stress having the same rms
value and a frequency equal to 80 Hz:

N ( K z m ) b = 1080

N = 34 694 cycles

Now let us calculate the number of cycles to failure under sinusoidal stress
which creates the same rms response as the random vibration.

The random vibration generates at 100 Hz an rms response of (for Q = 10):

zrms = 1.29 10-4 m

Mean fatigue life

Mean numbers of cycles to failure (under random vibrations)

n0+ T = 99.87 57.9 3600 * 2.08 107 cycles

Rms values
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and the standard deviation SD by the approximate relations:

To obtain this response with a sinewave excitation of frequency 80 Hz (for
example), an amplitude would be needed equal to

yielding

cycles.

7.4. Statistical S-N curves

7.4.1. Definition of statistical curves

We showed that, for Gaussian random excitation and a narrow band response
(r = 1), the damage can be expressed in the form [6.35]:

J.S. Bendat[7.15]:

W.D. Mark [7.20]:
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We will consider in what follows the curves defined by the fatigue damage
E(D)-oc SD and E(D) + a SD where the constant a is a function of the selected
degree of confidence, for a given distribution law of the damage (the most often
used law being the log-normal distribution).

For a given stress level, these values of the damage allow to calculate the number

of cycles n0+ T for which failure can take place. These curves consider only the
random aspect of the stress and do not take into account scatter of the fatigue
strength of material, more important and studied elsewhere (Chapter 3).

Let us set N = n0+ T

7.4.2. J.S. Bendat's formulation

The equation of the first curve, defined by

for D = 1 (failure) can be also written

i.e.
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It becomes

with

The second equation [E(D)(l + o c v ) = l] leads to the same result.

Example

Let us consider a random noise of constant PSD between 1 Hz and 2000 Hz
with an amplitude G such that 1 < G < 9, then 2 < G < 30 (to explore two ranges

of stresses).

Let us suppose that:

b = 10
5 = 0.05

f0 =100 Hz

K = 6.3 1010 Pa/m
80

C = 10 (SI units)

Figure 7.15. Mean ±3 standard deviations Figure 7.16. Mean ±3 standard deviations
S-N curves for high values of N S-N curves for low values of N
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whereas N [E(D)-a s D ] — > 0. For a = 3, ^ = 0.05 and b = 10, we have
B = 251 and the limit is equal to 7191 cycles. This limit increases very quickly
with b and decreases when E, increases (Figure 7.17).

One must however point out one of the assumptions in calculating SD which

supposes that 2 rr n0+ T £, is large.

For N = 1000, we have 2 7 i N £ = 314. It is necessary at least that
+ 4 42 re n0+ T £, = 10 , i.e. that N > 3 10 , because it eliminates this limit, which does

not have any physical reality.

Figures 7.15 and 7.16 show that dispersion is stronger for the high levels of
excitation (contrary to dispersion related to the fatigue strength of material).

Figure 7.17. Limit of number of cycles to failure for a = 3

Figures 7.15 and 7.16 show the s(N) curves obtained starting from these data
for E(D) = 1, E(D)-3sD = 1 and E(D) + 3sD = 1.

It is seen that, when the rms stress arms is large, the curves corresponding to
E(D) + 3 SD tend towards a limit, which can be calculated as follows.

When G is large, A becomes large and
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7.4.3. W.D. Mark's formulation

As previously, let us write that, to failure

It then becomes:

It can be shown that this expression is always positive. The condition
E(D) + a SD = 1 leads to the same expression of N.

Example

With the numerical conditions of the previous example, we obtain, for
1 < G < 9 , the curves in Figure 7.18, which show the same tendency of the scatter
to increase with arms. Use of Figure 7.19 makes it possible to evaluate the
influence of damping.

Let us also set

provided that the discriminant is positive or zero, or that:

yielding
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Figure 7.18. Mean ±3 standard deviations
S-N curves for b = 10 and £,= 0.05

(W.D. Mark)

Figure 7.19. Mean ±3 standard deviations
S-N curves for b = 10 and % = 0.01

(W.D. Mark)

With the same calculation criteria, but with £, = 0.01 (instead of 0.05), it is

necessary, to obtain the same curve E(D), that 0 .2<G<1 .8 , i.e. a weaker
excitation. Scatter on the other hand tends to increase.

Figure 7.20. Mean ±3 standard deviations S-N curves,
for b = 8 and £ = 0.05 (W.D. Mark)

Lastly, the same study carried out with b = 8 instead of 10 shows that, to obtain
the same damage, the amplitude G of the PSD of the excitation must be greater
(Figure 7.20, for £ = 0.05 ).
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NOTE. — As previously, all these curves should not be plotted (with this formulation)
for too large a G, i.e. for a low numbers of cycles.

Figure 7.21. S-N curves for low numbers of cycles (W.D. Mark)

By taking again the first example (b = 10, £ = 0.05,), one notes that, if G is too

large (between 2 and 10), the number of cycles corresponding to E(D) ± 3 SQ = 1
also tends towards a (notphysical) limit equal to (Figure 7.21):

N[E(D)-3sD]-»0.65

N [E(D) + 3 SD] -> 3288 cycles

This limit can be found by calculation, starting from the relation [7.33] (for
a =3):

When G becomes large, and thus also A, we have

The upper limit increases with b; it is weaker when damping is larger. The lower
limit decreases with b. Curves in Figure 7.21 are plotted out of the range of
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approximations used for calculation of sD. It was seen that one needed

Figure 7.22. Limit of number of cycles Figure 7.23. Limit of number of cycles
relating to mean damage minus relating to mean damage plus

3 standard deviations 3 standard deviations

In Figures 7.22 and 7.23, we note that N must be somewhat larger than
104 cycles for the upper limit.

i.e., in our example, that N » 10.



Chapter 8

Fatigue damage using other
assumptions for calculation

8.1. S-N curve represented by two segments of a straight line on logarithmic
scales (taking into account fatigue limit)

It is supposed that the S-N curve is defined by:

Figure 8.1. S-N curve with fatigue limit (logarithmic scales)



the probability density q(a) being described by [6.24] for a Gaussian excitation. If
we can consider that the peak distribution of the response follows a Rayleigh
distribution:
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The damage is equal to

Let us set

with

The integral
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b
is the incomplete gamma function (with x = 1 + —).

2

While setting a = K z ,

It is noted that if TD tends towards zero, the expression [8.7] tends towards
relation [6.35].

J.W. Miles [MIL 54] estimates that it is possible to neglect the fatigue limit when
the stresses are distributed over a broad range.

Figure 8.2 shows the variations of the ratio

plotted versus the ratio TD for various values of b. It is noted that the damage
decreases when the endurance limit increases, more quickly when b is smaller.
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Figure 8.2. Ratio of the damage calculated with and without
taking into account fatigue limit

8.2. S-N curve defined by two segments of straight line on log-lin scales

The S-N curves published in the literature are often plotted in logarithmic-linear
scales and are, in these scales, comparable with two segments of straight line, the
horizontal part corresponding to the fatigue limit.

Figure 8.3. S-N curve with fatigue limit in semi-logarithmic scales

With this representation, this curve can be described analytically by [MUS 60]:
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A and B being constant characteristics of material. The damage is then equal to

q(a) being the probability density function of stress peaks, given by [6.24]. While
comparing here this distribution with Rayleigh's law, it becomes:

Let us set It comes yielding

with

However

Let us set
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In addition,
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This yields

8.3. Hypothesis of non-linear accumulation of damage

8.3.1. Corten-Dolan's accumulation law

Miner's rule is most frequently retained for the calculation of fatigue damage.
Some attempts [SYL 81] were made to use other assumptions, such as Corten-
Dolan's [COR 56] [COR 59], which supposes that the damage is added in a non-
linear way according to

(where the ai and d are constants).

Knowing that the S-N curve can be represented here by

we have, for random stress,

If
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H. Corten and T. Dolan showed that d is a constant when a1, varies. It

8.3.2. J.D. Morrow's accumulation model

R.G. Lambert [LAM 88] uses the accumulation damage model developed by J.D.
Morrow [MOR 83] in the form

is thus the constant A which is related to CT1 .

For untruncated random loadings or if the largest peaks do not exceed the yield
stress of material, the value of <TJ1 depends on the rms stress level. Thus let us set
a1 = a1, a'1 being the stress threshold exceeded by the largest peak in an interval
containing m peaks. When m is large, G1 is approximately equal to the largest peak.

The modified fatigue curve intersects the traditional curve in orj, so that the

expressions and can be identified for a = a'j; yielding

Let us substitute this value in [8.16]:

where Since u'1 and the integral are constants for a given rms level, this

expression differs from that obtained with Miner's rule only by one constant.

If the stress is truncated, or if the peaks of stress exceed the yield stress (a form
of truncation), GJ1 is fixed for the various levels of rms stress and the expression
[8.16] is applicable with A constant such that

When there is truncation, the random fatigue curve is thus parallel to the
modified curve. If there is no truncation, it is parallel to that established in sinusoidal
mode.
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a = amplitude of the stress
amax = value of the greatest stress

nCT = number of cycles of stress at level a

Nc = number of cycles to failure at level CT

d = plastic work exponent

We saw [6.11] that, in the linear case, the elementary damage dD could be
written

arms being the rms stress, let us note as the crest factor:

where Using the non-linear accumulation law [8.20], we have:
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Let us set, as previously, u =

(or integral between 0 and cimax). If a = K z,

The parameter d varies between - 0.25 and - 0.20. Integration can be carried

out in practice between 0 and 8. The damage calculated under these conditions is
higher than that obtained on a linear assumption of approximately 10% to 15%.
Suppose than q(u) is the probability density of a Rayleigh distribution.

Figure 8.4. Probability density of damage using non-linear damage
accumulation law of Corten-Dolan

Figure 8.4 shows the variations of the probability density u b+d +1 / eu /2 for
d = 0 (linear case) and d = - 0.207 (non-linear case). It is noted that the damage is

primarily created by the stress peaks between 2 and 5 times the rms value arms.

The peaks larger than 5 crms are extremely damaging when they take place. The

peaks lower than 2 Gms are very frequent, but contribute little to the damage.
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8.4. Random vibration with non zero mean: use of modified Goodman diagram

It was assumed until now that the mean stress was zero. When it is not the case,
H.C. Schjelderup [SCH 59] proposes to use the modified diagram of Goodman or
that of Gerber [LAL 92] (Chapter 3). These diagrams can be represented analytically
by

with the following notations

Rm= ultimate stress

Aa0
= amplitude of the zero mean sinusoidal fluctuation

AG= amplitude of the non zero mean sinusoidal stress fluctuation

am = mean stress (> 0 if it is about a tension, < 0 if it is a compression)

n = constant n = 1 in the relation of Goodman
n = 2 in that of Gerber

This relation can be written

If N(ACTQ) represents the S-N curve with zero mean stress, the S-N curve with

mean stress crm is such that

This result can be applied to the problem of random vibrations, by making the
following assumptions:

- The distribution of the peaks of stress is not modified by the variations of the
mean stress.

- The Miner's rule constitutes a satisfactory tool for the calculation of the fatigue
life for a mean stress.
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In this case, the relation [8.24] can be transformed for application to the random
vibrations according to

Gms = rms stress for a non zero mean

GO = rms stress for a zero mean.

The effects of the non zero mean stress are taken into account while replacing

In these relations, crm must be lower than a'f, if not the failure takes place
statically before the application of the alternate stress. a'f is the true ultimate stress,
stress causing the failure for dynamics cycle.

random vibrations and sinusoidal vibrations. The restrictions imposed by the
selected assumptions limit this result to the modes of fatigue at long lifetime, low
stress levels.

An experimental study by S.L. Bussa [BUS 67], carried out on notched samples
subjected to random vibrations having various spectral shapes, shows that the effect
of the mean stress is in concord with the Goodman relation. This result is confirmed
by work of R.G. Lambert [LAM 93].

NOTE. - Another way of taking into account the influence of the mean stress can
consist, by using the same principles, to modify the constant C1 in relation [6.95]
according to [LAM 93]:

We can thus expect similar tendencies in fatigue with

or to directly correct the damage by fatigue as in
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Figure 8.5. Ratio of the damage calculated Figure 8.6. Ratio of the damage calculated
with a non zero mean stress and with a zero with a non zero mean stress and with a zero

mean stress, for n = 1 mean stress, for n = 2

8.5. Non Gaussian distribution of instantaneous values of signal

The assumption is generally made that the distribution of the instantaneous
values of the signal of excitation (and thus of the response) follows a Gaussian law
and, consequently, that the distribution of the peaks of the response of the excited
system follows a Rayleigh distribution law [BEL 59] [MIL 54] [SCH 58].

8.5.1. Influence of distribution law of instantaneous values

A study by R.T. Booth and M.N. Kenefeck [BOO 76], carried out on steel test-
bars, made it possible to compare the results obtained with three distributions,
characterized by their crossings curve of the form:

where N0 = n0 T. For a Gaussian distribution, A = 2 and B = 0.5 and, for an

exponential distribution, A = 1 and C = v2. The three laws considered are
characterized as follows:

- Gaussian distribution truncated to 4 times the rms value (ams).

-Distribution close to the distribution experimentally observed from
measurements in the real environment on a vehicle suspension device
(A = 1.384 , B = 0.955) with truncation to 5.5 arms.
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- Distribution obtained in the real environment measured on dampers
(A = 1.19 , B = 1.098 ), with a truncation at 6.5 a^ .

The irregularity coefficient is identical in the three cases, about 0.96 (PSD of the
same shapes) and the S-N curve is plotted with rms on ordinates:

Nofcrms-OD^C [8.31]

(aD= fatigue limit stress). These authors note that:

- The changes of distribution law have a significant influence on the fatigue
strength: the distribution of the instantaneous values of the signal is thus an
important factor. The assumption of a Gaussian signal can lead to significant errors
if it is not checked.

- The results obtained with the Miner rule are always optimistic (there is failure

8.5.2. Influence of peak distribution

A study carried out by R.G. Lambert [LAM 82] on the influence of the
distribution law of the peaks of the response of the system (i.e. of the stress) on
fatigue damage shows that:

— In a general way, the damage is primarily produced by the peaks of amplitude
higher than twice the rms value crms. For a Rayleigh distribution, they are the

peaks between 2 a,^ and 4 Gms, while for an exponential law, they are the peaks

of between 5 Gms and 15 crms.

- Because of the larger presence of peaks of great amplitude, the exponential law
is more severe than a Rayleigh distribution.

under test below but not unreasonable taking into account the scatter

observed in the fatigue tests.

-The calculations carried out on the Gaussian assumption differ from the
experimental results by a factor of about 2, if the distribution is Gaussian. If the
distribution is not Gaussian, the error can reach a factor equal to 9, when the real
distribution contains a more significant number of stress peaks of greater amplitude.



Fatigue damage using other assumptions for calculation 291

8.5.3. Calculation of damage using Weibull distribution

The fatigue damage can be written, according to Miner' rule [NOL 76] and
[WIR 77]:

Knowing that N CT = C and that cr = K zg if the stress-strain relationship is not
linear, it becomes

The integral can be regarded as the (bg)th moment of q(z). Let us set Q(Z) the
distribution function of z,

i.e., in the continuous case,

with

If the distribution of the peaks follows a Weibull distribution,

where is a constant characterizing the form of the law:

exponential distribution

Rayleigh distribution
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NOTE. - K.G. Nolte and J.E. Hansford [NOL 76] established this relation to study
fatigue of immersed structures subjected to waves of height H. It is sufficient to
replace z by H to treat this particular case. The distribution wave height is in

Hs
general approximated by a Rayleigh distribution for which r\ = 2 and 8 =

V2
(Hs = wave height indicative of the state of the sea).

This yields

yielding

it becomes, with a knowing thatand

where T is the total number of waves.
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Figure 8.7. Reduced damage for Weibull
peak distribution

Figure 8.8. Reduced damage for Weibull
peak distribution

b parameter

Figure 8.9. Damage reduced for Weibull peak distribution
versus parameter b

Figures 8.7 to 8.9 show the variations in the quantity

depending on b or g, for various values oft], in order to highlight the influence of

non linearity (for ^2 zrms lower, then higher, than 1).



- the alternate stress around this mean follows also a normal distribution:

a
where a is the standardized stress —

a

aM = standard deviation of the standardized mean stress

aA= standard deviation of the standardized alternating stress

aa= mean of the standardized alternating stress

Figure 8.10. Alternating stress around the mean

The probability of occurrence of a mean stress am and an alternating stress aa is

The number dn of cycles (am, aa) among N cycles is equal to

yielding damage dD created by these dn cycles:
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8.5.4. Comparison of Rayleigh assumption /peak counting

H.C. Schjelderup [SCH 61b] proposes to use a method close to the range-mean
counting method (Chapter 5) and assumes that:

- the mean stress follows a normal distribution



where N(am,aa) is the number of cycles to failure for (am, aa). The total number
of cycles to failure N is that for which D = 1; yielding:

The function N(crm,cra) can be obtained starting from the modified Goodman
diagram:

From this formulation, H.C. Schjelderup shows, for an example, that the
Rayleigh distribution gives more severe results and that this method seems to better
adapt to the experimental results.
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8.6. Non-linear mechanical system

It is supposed that Basquin's distribution applies (N cr = C) and that the non

linearity is of the form a = K zg. Then,

and, in the continuous case,

where

ultimate strength.
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Lastly, if the peak distribution follows a Rayleigh distribution,

NOTE. - D. Karnopp and T.D. Scharton method.

These authors approach the response of a non-linear hysteretic system slightly
damped subjected to a random excitation by an artificial linear process [KAR 66]
[TAN 70]. They calculate, starting from this process, the mean value of the
displacement higher than a specific limit as an approximation to plastic
deformation. They finally use the Coffin criterion to evaluate the mean fatigue life of
the system under loads belonging to the low cycle fatigue domain.

If
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Al. Gamma function

Al.1. Definition

The gamma Junction (or factorial function or Euler function-second kind), F(X),
is defined by [ANG 611:

A1.2. Properties

Whatever value of x, integral or not,

If x is a positive integer:
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Figure A1.1. Gamma function

yielding, for x a positive integer:

If x is arbitrary much higher than 1, we have:

For x an integer, one uses the relation to calculate or the

relation

[CHE 66],
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Example

T(4.34) = 3.34 F(3.34)

r(4.34) = 3.34 x 2.34 x 1.34 T(l .34)

r(l .34) being given in Table Al . l .

T(1.34) = T(l + 0.34) = 0.8922

yielding

T(4.34) = 9.34

Table A1.1. Values of the gamma function [HAS 55]

For arbitrary x, the relation [A1.2] and Table A1.l allow determination of
r(i + x).

X

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

r(1 + x)
0

0.9514

0.9182

0.8975

0.8873

0.8862

0.8935

0.9086

0.9314

0.9618

1.0000

1

0.9943

0.9474

0.9156

0.8960

0.8868

0.8866

0.8947

0.9106

0.9341

0.9652

1.0043

2

0.9888

0.9436

0.9131

0.8946

0.8864

0.8870

0.8959

0.9126

0.9368

0.9688

1.0086

3

0.9835

0.9399

0.9108

0.8934

0.8860

0.8876

0.8972

0.9147

0.9397

0.9724

1.0131

4

0.9784

0.9364

0.9085

0.8922

0.8858

0.8882

0.8986

0.9168

0.9426

0.9761

1.0176

5

0.9735

0.9330

0.9064

0.8912

0.8857

0.8889

0.9001

0.9191

0.9456

0.9799

1.0222

6

0.9687

0.9298

0.9044

0.8902

0.8856

0.8896

0.9017

0.9214

0.9487

0.9837

1.0269

7

0.9642

0.9267

0.9025

0.8893

0.8856

0.8905

0.9033

0.9238

0.9518

0.9877

1.0316

8

0.9597

0.9237

0.9007

0.8887

0.857

0.8914

0.9050

0.9262

0.9551

0.9917

1.0365

9

0.9555

0.9209

0.8990

0.8879

0.8859

0.8924

0.9068

0.9288

0.9584

0.9958

1.0415
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A1.3. Approximations for arbitrary \

where

can be calculated with an error lower than usine me
polynomial [HAS 55]

or, better, to:

x! can be approximated to the Stirling formula

This relation is rather precise for x > 2 (better than 0.5%). For x integer positive,
we have, starting from the above relations,

Example

For arbitrary x (integer or not) [LAM 76],



This function is tabulated in various published works [ABR 70] [PIE 48].
Figures A2.1 and A2.2. show the variations of y with x, for given T, then with T, for
given x.

(chi-square probability distribution). The function P is tabulated also [ABR 70].

can be writtenIt is shown that

where

A2. Incomplete gamma function
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A2.1. Definition

The incomplete gamma function is defined by [ABR 70] [LAM 76]:

We set:
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A2.2. Relation between complete gamma function and Incomplete gamma
function

Figure A2.1. Incomplete gamma function versus x

Figure A2.2. Incomplete gamma function versus T

We have

yielding
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A2.3. Pearson form of incomplete gamma function

Tables or abacuses give I varying with u for various values of p [ABR 70]
[CRA 63] [FID 75].

A3. Various integrals

A3.1.

A3.1.1. Demonstration

From

if we set By division, we obtain



yielding the recurrence relation [A3.1]. The use of these expressions requires
knowledge of I b ( h ) for some values from b, for example b = 0, 1 and 2.

A3.1.2. Calculation o/I0(h) and I2(h)

The calculation of I0(h) and I2(h) can be carried out easily by writing the
functions to be integrated respectively in the forms

and

Let us set

Knowing what can be put in the form

with

it becomes

304 Fatigue damage



Appendices 305

In the same way,

we obtain

With a change of variable such that:

yielding

NOTES.

1. Knowing that
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can be also written

The expression [A3.6] must however be used with caution, [A3.5] being correct
only under precise conditions.

The relation [A3.5], established from

is exact only if

From these first two conditions, if tan a it is necessary that

Taking into account these inequalities, a + b can thus vary between -re and TT
71 71

(limits not included). The second member imposes in addition - — < a + b < — . Let
2 2

us set 0 = a + b. If

one must thus take as the value arc tan of the angle
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If

2. It is easy to show that we are in the situation of an inequality [A3.7] as soon
as we have x + y > 2. Indeed let us search for the minimal value of the sum

one considers

i.e. of

While setting X = tan x, one finds that the derivative is cancelled when

yielding z = 2 (condition [A3.7]) or z = -2 (condition [A3.8]).

Following what precedes,

and

yielding
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which can be written, with the same reservations as above,

NOTES. - When h and

yielding, while setting

A3.1.3. Calculation of



yielding
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Knowing that

can be also written (always with the same reservations):

Application

Let us consider the integral

The relations below give the expressions of
[PUL 681:

for some values of b
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Table A3.1. Integrals Ib(h) for b ranging between - 6 and 9
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A3.1.4. Approximations

When the resonance frequency is within the frequency range of the excitation
and when the influence of damping is small, it is possible to neglect the term in £
and to write Ib in the form [MIL 61]:

provided that The condition is then written
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Figure A3.1. Validity domain of the approximation [A3.30]

yielding

Knowing that h is always positive or zero and that £ varies between 0 and 1,
these conditions become

For these conditions lead for example to:

The smaller damping is, the larger the useful range.
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If

One increases, for safety, these values by approximately 40%:

For h small and less than 1:

For h large and higher than 1:

While replacing by its expression in and while integrating, it

becomes

for

for

as long as no denominator is zero. If one of them is zero, the corresponding term is
to be replaced by a logarithm. Thus, if b ± m = 0, the term

must be written
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A3.1.5. Particular cases

where

These results can be deduced directly from [A3.22] and [A3.20] [WAT 62].

NOTE.- More generally, if b = 0 [DWI 66]:

where and a, c and K > 0.

A3.2.

From the above relations, we deduce
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The expressions of Jb(h) for the other values of b can be calculated starting
from these relations using the recurrence formula.

Figure A3.2. Real and imaginary axes

The first values of In, extracted from the work of H.M. James, N.B. Nichols and
R.S. Philipps [JAM 47], are the following:

A3.3.

where

the roots of assumed located in the upper half plane for
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Application

From these expressions, S.H. Crandall, W.D. Mark [CRA 63] and D.E. Newland
[NEW 75] deduce the value of the integral

where

For



These two integrals are calculated simultaneously while multiplying I2 by i in
order to constitute the integral:
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etc.

A3.4.

yielding by separating the real and imaginary parts.and

A3.5,
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yielding

Applications

[PAP 65]

[CRA 63]

A3.6.

This result is demonstrated by setting [ANG 61]:



Appendices 319

yielding

and

One obtains an Euler integral-first kind of the form

which can be expressed using gamma functions.

A3.7.

If (n even),
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If

A3.8.

Approximations

Integral A can be approximated by the expression:

One obtains, with this relation, values a little higher than the true values. The
relative error is equal to 6.4% for k = 2, to 2.5% for k = 5 and to 1.3% for k = 10
[DAY 64].

It can be reduced while evaluating (k - l)! using the Stirling formula [A 1.13]:

This error gives a value of the factorial smaller than the true value. For k = 2,
the relative error is equal to - 7.8 %. It is equal to -2.1 % for k = 5 and to - 0.9 %
if k = 10. Integral A can then be written, for (k > 2),

The relative error is here equal to -1.94% for k = 2, close to +0.4% for
5 < k < 10 and lower than 0.4% if k > 10.



a

•

£ 

l

2 6 1 8 

Figure A3.3. Relative error made using the approximate expression for integral A
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Synopsis of five volume series:
Mechanical Vibration and Shock

This is the fourth volume in this five volume series.

Volume 1 is devoted to sinusoidal vibration. The responses, relative and
absolute, of a mechanical one-degree-of-freedom system to an arbitrary excitation
are considered, and its transfer function in various forms defined. By placing the
properties of sinusoidal vibrations in the contexts of the environment and of
laboratory tests, the transitory and steady state response of a single-degree-of-
freedom system with viscous and then with non-linear damping is evolved. The
various sinusoidal modes of sweeping with their properties are described, and then,
starting from the response of a one-degree-of-freedom system, the consequences of
an unsuitable choice of the sweep rate are shown and a rule for choice of this rate
deduced from it.

Volume 2 deals with mechanical shock. This volume presents the shock response
spectrum (SRS) with its different definitions, its properties and the precautions to be
taken in calculating it. The shock shapes most widely used with the usual test
facilities are presented with their characteristics, with indications how to establish
test specifications of the same severity as the real, measured environment. A
demonstration is then given on how these specifications can be made with classic
laboratory equipment: shock machines, electrodynamic exciters driven by a time
signal or by a response spectrum, indicating the limits, advantages and
disadvantages of each solution.

Volume 3 examines the analysis of random vibration, which encompass the vast
majority of the vibrations encountered in the real environment. This volume
describes the properties of the process enabling simplification of the analysis, before
presenting the analysis of the signal in the frequency domain. The definition of the
power spectral density is reviewed as well as the precautions to be taken in
calculating it, together with the processes used to improve results (windowing,
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overlapping). A complementary third approach consists of analyzing the statistical
properties of the time signal. In particular, this study makes it possible to determine
the distribution law of the maxima of a random Gaussian signal and to simplify the
calculations of fatigue damage by avoiding direct counting of the peaks (Volumes 4
and 5).

Having established the relationships which provide the response of a linear
system with one degree of freedom to a random vibration, Volume 4 is devoted to
the calculation of damage fatigue. It presents the hypotheses adopted to describe the
behaviour of a material subjected to fatigue, the laws of damage accumulation,
together with the methods for counting the peaks of the response, used to establish a
histogram when it is impossible to use the probability density of the peaks obtained
with a Gaussian signal. The expressions of mean damage and of its standard
deviation are established. A few cases are then examined using other hypotheses
(mean not equal to zero, taking account of the fatigue limit, non linear accumulation
law, etc.).

Volume 5 is more especially dedicated to presenting the method of specification
development according to the principle of tailoring. The extreme response and
fatigue damage spectra are defined for each type of stress (sinusoidal vibrations,
swept sine, shocks, random vibrations, etc.). The process for establishing a
specification as from the life cycle profile of the equipment is then detailed, taking
account of an uncertainty factor, designed to cover the uncertainties related to the
dispersion of the real environment and of the mechanical strength, and of another
coefficient, the test factor, which takes into account the number of tests performed to
demonstrate the resistance of the equipment.

This work is intended first and foremost for engineers and technicians working
in design teams, which are responsible for sizing equipment, for project teams given
the task of writing the various sizing and testing specifications (validation,
qualification, certification, etc.) and for laboratories in charge of defining the tests
and their performance, following the choice of the most suitable simulation means.




